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Abstract. We study the existence and stability of the standing waves for the periodic 
cubic nonhnear Schrodinger equation with a point defect determined by a periodic Dirac 
distribution at the origin. This equation admits a smooth curve of positive periodic 
solutions in the form of standing waves with a profile given by the Jacobi elliptic function 
of dnoidal type. Via a perturbation method and continuation argument, we obtain that 
in the case of an attractive defect the standing wave solutions are stable in H^^^ with 
respect to perturbations which have the same period as the wave itself. In the case of a 
repulsive defect, the standing wave solutions are stable in the subspace of even functions 
of i?per ^''^d unstable in H^^^ with respect to perturbations which have the same period 
as the wave itself. 



1. Introduction 

Consider the semi-hnear Schrodinger equation (NLS) 

dtu + Au±\u\Pu = 0, (x,t)GM"xR, (LI) 

where u = u{x,t) is a complex-valued function and < p < oo. This is a canonical 
dispersive equation which arises as a model in several physical situations, see for example 
[12] . [13], and references therein. 

The mathematical study of the NLS (the local well posedness of its initial value prob- 
lem (IVP) and its periodic boundary value problem (PBVP) under minimal regularity 
assumptions on the data, the long time behavior of their solutions, blow up and scatter- 
ing results, etc) has attracted a great deal of attention and is a very active research area 
(see [16], [TO], [32], and [33]). 

In the one dimensional cubic case, n = 1, p = 2, it was established in [35] that the 
NLS is a completely integrable system. Thus, using the inverse scattering theory it can 
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be solved in the line M (IVP) and in the circle T (PBVP) (see [T], [35] and references 
therein) . 

Special solutions of the NLS equation (11 .ip have been widely considered in analytic, 
numerical and experimental works. In particular, in the focussing case (+ in (11.11) ) one 
has the "standing waves" solutions 

M,(x,t) = e^'^V(x), uj>0, (1.2) 
or their generalization "travelling waves" solutions 

Mt^(x,t) = e*^*e*('=-^-l^l'*V(a;-2ct), w > 0, c G M", (1.3) 

with = (p^^p being the unique positive, radially symmetric solution (ground state) of the 
nonlinear elliptic problem 

- A0 + w0(x) -0P+^(x) = 0, xgR", (1.4) 

satisfying the boundary condition 0(x) — > as |x| — > oo. In the one dimensional case, 
n = 1, is given by the explicit formula (modulo translation) 

^(.) = = [(P±HV,rf(!!^,)] K (1.5) 

The stability and instability properties of the standing waves have been extensively 
studied. A crucial role in the stability analysis is played by the symmetries of the NLS 
equation in R". The most important ones for this purpose are : 

(1) phase invariance: u{x,t) — )■ e^^u{x,t), 9 eM; 

(2) translation invariance: u{x,t) — )■ u{x + y,t), y G M"; 

(3) Galilean invariance: u{x,t) — )■ e*(^'^~l^l *^u{x — 2vt,t), v G M". 

So, if one considers the orbit generated by the solution (f) = (p^^p of (II. 4p and the phase- 
invariance symmetries above, namely, 

e(0.,p) = {e*V-,p(- + y) : ^ G [0, 27r), y G R"}, (1-6) 

is known that in the one dimensional case, n = 1, 0(0aj,p) is stable in if^(R) by the flow 
of the NLS equation provided that p < 4 and unstable for p ^ 4: (for details and results in 
higher dimensions see Cazenave&Lions [17], Weinstein [H]). This means that for p < 4, if 
uo is close to O(0aj,p) in if^(R"), then the corresponding solution of (11.11) u(t) with initial 
data Mo remains close to the orbit O(0cj,p) for each t G R. The necessity of the rotations 
and space translation appearing in the stability criterium can be seen in [15] . 

From now on we shall restrict our attention to the one dimensional focussing NLS 

idtu + dlu + \u\Pu = 0, p > 0. (1.7) 

In contrast to the standing waves solutions in the line, i.e. (II. 2p and (II. 3p with n = 1 
and as in (11.50 . relatively little is known about the existence and stability of periodic 
standing wave solutions, i.e., in (II. 2p being a periodic function. 



STABILITY OF PERIODIC-PEAK TRAVELLING WAVES SOLUTIONS 



3 



A partial spectral stability analysis was carried out by Rowlands ^9] for the case p = 2 
with respect to long-wave disturbances, who showed that periodic waves with real-valued 
profile are unstable. Similar results were also obtained for certain NLS-type equations 
with spatially periodic potentials by Bronski&Rapti [12] . The first results concerning the 
nonlinear stability of periodic standing waves are due to Angulo [5]. In [5] he established 
the existence of a smooth family of dnoidal waves for the cubic NLS equation (p = 2 in 
([LTD) of the form 

2 

^ e +oo) ^ 0^,0 G H^^^{[-L, L]), (1.8) 

where the profile of = = 0w,o is given by the Jacobian elliptic function called dnoidal, 
dn by the formula 

MO = Vidn(^^^;k), (1.9) 
with r]i E i\/co, \/2u}) and the modulus k E (0, 1) depending smoothly on u. Angulo 

2 

showed that for every u > the 2L-periodic wave (pui is orbitally stable with respect to 
perturbations which have the same period as the wave itself, and nonlinearly unstable with 
respect to perturbations which have two times the period (4L) as the wave itself. Indeed, 
the same analysis used to obtain the instability result provides the nonlinear instability 
of the dnoidal wave by perturbations which have j-times (j > 2) the period as the wave 
itself (for further details see also [5] and [6]). 

In [23]- [21] Gallay&Haragus have shown the stability of periodic traveling waves de- 
scribed in (II. 3p for the cubic NLS equation by allowing the profile being complex- valued. 
In the case p = 4, Angulo&Natali [9] have shown the existence of a family of periodic 
waves of the form described in (11.20 for which there is a unique (threshold) value of the 
phase-velocity u which separates the two global scenarios: stability and instability. 

In this paper we are interested in the periodic setting for nonlinear Schrodinger equation 
(NLS-(5 henceforth) of the form 

idtu + dlu + ZS{x)u+\u\Pu = 0, (1.10) 

where 6 is the Dirac distribution at the origin, namely, {6, v) = v{0) for v G H^, and Z G M. 
The equation (ll.lOp . Z has been considered in a variety of physical models with a 
point defect, for instance, in nonlinear optics and Bose- Einstein condensates. Indeed, 
the Dirac distribution is used to model an impurity, or defect, localized at the origin. 
Also in this case the NLS-5 equation (11.101) can be viewed as a prototype model for the 
interaction of a wide soliton with a highly localized potential. In nonlinear optics, this 
models a soliton propagating in a medium with a point defect or the interaction of a wide 
soliton with a much narrower one in a bimodal fiber, see [25], [H], [15], [37], [36], [2], [TT] . 
|19j . [10], and the reference therein. 

Equation (11.101) in the line with p = 2 has been considered by several authors. In a 
series of papers [28], [29], [30], and [31] the phenomenon of soliton scattering by the effect 
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of the defect was comprehensibly studied. In particular, in [30] for the equation f ll.lOp 
with p = 2 and data 

0) = e'''''sec/i(a; - xo), xq << -1, (l-H) 

it was shown that for the \Z\ « 1 the corresponding solution, the traveling wave for 
t > \xo\/c remains intact. The case Z > and |c| >> 1 was examinated in [28], [29] where 
it was proven how the defect separate the soliton into two parts: one part is transmitted 
past the defect, the other one is reflected at the defect. The case Z < and |c| >> 1 was 
considered in [18] . 

The existence of standing wave solutions of the equation (ll.lOp requires that the profile 
= <Pio,z,p satisfy the semi-linear elhptic equation 

+w0(x) - Z5(x)0- |0(x)|P0(x) = 0, xeM. (1.12) 

In Fukuizumi&Jeanjean [21] (see also [25j) it was deduced the formula for the unique 
positive even solution of fll.l2p . modulo rotations : 



x] 



^^±^rff^N+tanh-r-^))l', X6M, (1.13) 
2 \ 2 \ 2^ ijj J J \ 

\i bj > Z'^ /A. This solution is constructed from the known solution in the case Z = on 
each side of the defect pasted together at x = to satisfy the conditions of continuity 
and the jump condition in the first derivative at x = 0, u'{Q+) — u'(0— ) = — Zn(0). So 
belongs to the domain of the formal expression —d^ — Z6 (see [3]) 

{u G H\R) n H\m - {0}) : u{0+) - n'(O-) = -Zu{0)}. 

Notice that there is no nontrivial solution of fll.l2p in H^{M.) when u ^ Z'^/4. 

The basic symmetry associated to equation f ll.lOp is the phase-invariance since the 
translation invariance of the solutions is not hold due to the defect. Thus, the notion of 
stability and instability will be based only on this symmetry and is formulated as follows: 

Definition 1.1. For rj > 0, let cf) he a solution of fll.l2p and define 



?7,(0) = {t; G X : inf lit; - e^VlU < 



The standing wave e^^^cf) is (orbitally) stable in X if for any e > there exists r] > such 
that for any uq G Urf{4>), the solution u(t) of f ll.lOp with u{0) = Uq satisfies u{t) G t/e(0) 
for all t G M. Otherwise, e*'^*0 is said to he (orbitally) unstable in X . 

Gathering the information in [2T], [22], [22]; |33]) can summarize the known 
results on the stability and instability of standing waves associated to the solitary wave- 
peak in f ll.l3p as follows: 

• Let Z > and u; > Z^/i. 

(a) If < p ^ 4, the standing wave e^'^^cp^jZp is stable in H^{R) for any u G 
(ZV4,+oo). 
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(b) If p ^ 5, there exists a unique uji > such that e^^^(t)ui,z,p is stable in 

H^{R) for any uj G cji), and unstable in if-^(R) for any uj G (cji, +00). 

• Let Z < and w > Z'^/A. 

(a) If < p ^ 2, the standing wave e'^'^*(j)^zp is stable in H^^^(R) for any u G 
(ZV4,+oo). 

(b) If < p ^ 2, the standing wave e^'^^(f)uj,z,p is unstable in iJ^(M) for any 
u G (^2/4, +00). 

(c) If 2 < p < 4, there exists a Ci;2 > Z'^/i such that e'^^^(j)ui,z,p is unstable in 
if^(M) for any u G (Z2/4,a;2), and stable in Hl^^{R) for any w G (^2, +00). 

(d) If 2 < p < 4, the standing wave e*'^*0^^^^p is unstable in i7^(M) for any 
u G (u;2, +00), where UJ2 is that in item (c) above. 

(e) if p ^ 4, then the standing wave e^'^^(f)uj,z,p is unstable in H^{M). 

In this paper, we study the existence and nonlinear stability of periodic standing waves 
solutions of f ll.lUp in the case p = 2 and Z ^ 0. More precisely, we show the existence of 
a branch of periodic solutions, co — )■ ipui,z, for the semilinear elliptic equation 

- f'L,z + ^Vo.,z - Z6{x)(p^,z = fl,z, (1-14) 

where (puj,z > is a periodic real- valued function with prescribe period 2L > and where 
u will belong to a determined interval in M with u > Z'^/4. Our solutions if = ^u),z satisfy 
the following boundary values: 

(1) '^ui,z{x + 2L) = <^ui,z{x), for all a; G M. 

(2) <^.,z e - {2nL ■.neZ})n C{R), j = 1, 2. 

(3) - ip':^ z{x) + ujip^,z{x) = zi^) for X ^ ±2nL, n G N. ^^'^^^ 

(4) <z(0+) - V^L,z(0-) = -Zv.,z{^). 

The notation ^^[^^(Oi) in fll.lSp is defined as V9^^(0±) = lim^o V^L ^(^te)- From the 
periodicity of the function ifuj,z one also has that if'^ z{±2nL+) — (f'^ z{±2nL—) = 
—Zfu),z{'^nL), for n G N. We recall that if v?a;,z is a solution of fll.l4p then ipuj,z{- + 2/) 
is not necessarily a solution of fll.l4p . Hence, our stability study for the ''periodic-peaks" 
fui,z "will be for the orbit generated by this solution and defined in the form 

%^^, = {e''v.,z:ee [0,271]}. (1.16) 

From equation f ll.l4p arises naturally the condition that our solutions ip^j^z need to 
belong to the domain of the formal expression 

-^-Z6. (1.17) 

So, we shall develop a precise formulation for this periodic point interaction, also called 
^-interaction. We present a detailed study of the model of quantum mechanics fll.l7p with 
a potential supported on a 5 and in the framework of periodic functions. In our study of 
the "solvability" of this model we will describe their resolvents explicitly in terms of the 
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interactions strengths, Z, and the location of the source, x = 0. We start by establishing 
the definition of all the self-adjoint extensions of the operator = — ^ with domain 

= {ije D{A) : 6{ij) = ^(0) = 0}, (1.18) 
which is a densely defined symmetric operator on Lpg^([0,2L]) with deficiency indices 
(1, 1). Here A represents the self-adjoint operator — ^ on Lpg^([0,2L]) with the natural 
domain D{A) = Hp^,^{[0,2L]). Using the von Neumann theory we can parametrized all 
the self-adjoint extensions of A^ with the help of Z. Indeed, for Z G [—oo, oo) we have 

- ^-z = 

D{-^-z) = {C G Hl,{[-L, L]) n H\{-L, L) - {0}) n H\{Q, 2L)) : (l-^^) 

C'(o+)-c'(o-) = -zc(o)}. 

These definitions are not only important to determine solutions for equation in (11.141) but 
also for our nonlinear stability theory. 

In Section 5, we will find a smooth branch of positive, even, periodic-peak solutions 
of (11.141) . u — 7- (f)^^z £ -^per([05 2L]), such that (p^^z belongs to the domain of the formal 
expression —-^ — Z5 and satisfying 

lim (t)^^z = (f>uj,o (1-20) 

Z-s>0+ 

where 0^^o is the dnoidal traveling wave defined in (II. 9p . The profile of (p^^z is based in 
the Jacobian elliptic function dnoidal and determined for u > Z'^/A by the pattern 

cP^,z{0 = Vi,zdn(^\^\+a;k), ^e[-L,L] (1.21) 

where rji^z and the modulus k depend smoothly of u and Z. The shift value a is also a 
smooth function of u and Z satisfies that lim^_i.o+ Z) = 0. See Figure 3 below for a 
general profile of (pui,z- 

Similarly, we obtain via the theory of elliptic integrals for Z < a smooth branch of 
positive, even, periodic-peak solutions of (I1.14p . co — )■ (^^^z ^ Hp^^.{[0,2L]), such that 
belongs to the domain of the formal expression — ^ — ZS and satisfying 

lim Cu^z = 0c.,o (1.22) 

Z-s>0- 

where 0^_o is the dnoidal wave defined in (11.91) . The profile of is determined for 

w > Z^/4 by the pattern 

C^AO = Vi,zdn(^\^\-a;k), ^e[-L,L]. (1.23) 

See Figure 4 below for a general profile of Cw,z- We note that the periodic-peak (^^^z and 
4>ui,z "converge" to the solitary wave-peak 0a;,z,2 in (I1.13P when we consider t]i — )• \/2uj. 
We refer the reader to Section 5 for the precise details on this convergence. 
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Our approach for the stabihty theory of the periodic-peak family 

r z > 0, 

with and Cu},z given in f ll.2ip - fll.22p . it will be based in the general framework devel- 
oped by Grillakis&Shatah&Strauss [26], [2^, for a Hamiltonian system which is invariant 
under a one-parameter unitary group of operators. This theory requires the following 
informations : 

• The Cauchy problem: The initial value problem associated to the NLS-5 equation 
is well-posedness in Hp^^{[0,2L]). 

• The spectral condition: 

(a) The self-adjoint operator £2,^ defined on Lpg^([0, 2L]), as 

£2,zC = -^C + c^C-<zC (1-25) 

with domain D = D{—A^z) given in (11.191) . is a nonnegative operator with 
the eigenvalue zero being simple and with eigenfunction fuj,z- 

(b) The self-adjoint operator Li^z defined on Lpg^([0, 2L]), by 

^i.^C = -^C + c^C-3<^C (1-26) 

with domain D = D{—A_z) given in (11.191) . has a trivial kernel for all Z G 
M- {0}. 

(c) The number of negative eigenvalues of the operator Li^z- 

• The slope condition: The sign of <9lj v^^_^(0'^^- 

In general, to count the number of negative eigenvalues of linear operator is a delicate 
issue. In the case of the self-adjoint operator Li^z our strategy is based in two basic facts. 
The first one is that in the case Z = 0, the spectrum of the self-adjoint operator Lq = Li^q 
defined on L2g,([0,2L]) by 

^oC = -^C + c^C-3<oC (1-27) 

with domain ifpg^([0, 2L]) and u > 7r^/2L^, has already been described in [5] and in [8]: 
there is only one negative eigenvalue which is simple, zero is a simple eigenvalue with 
eigenfunction ^0aj,o- The rest of the spectrum is positive and discrete. The second is 
that for Z small, Ci^z can be considered as a real-holomorphic perturbation of £9- So, we 
have that the spectrum of Li^z depends holomorphically on the spectrum of £>q. Then 
we obtain that for Z < there are exactly two negative eigenvalues of Li^z and exactly 
one for Z > 0. We refer the reader to Subsection 6.1 for the precise details on these 
statements. 

Our main result is the following: 
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Theorem 1.1. Let cu > ^ and u > We have for u large: 

(1) For Z > 0, the dnoidal-peak standing wave e^^*ipi_a,z is stable in Hp^^{[—L,L]). 

(2) For Z <0, the dnoidal-peak standing wave e*'^Vw,z is unstable in Hp^^{[—L,L]). 

(3) For Z <0, the dnoidal-peak standing wave e^'^*(puj,z is stable in ifpg^ g^g„([— L, L]). 

The restriction about u being large in Theorem 11.11 is due to technical reasons in 
proving the strictly increasing property of the mapping cu \\'Poj,z\\^ (see Theorem 16. II in 
Section 6.2). 

The local well-posedness of the Cauchy problem for f ll.lOp with p = 2 in ifpg^([0, 2L]) is 
an consequence from Theorem 3.7.1 in [16] and the theory spectral established in Section 
3 for the operator —d"^ — Z6 for Z ^ 0. The global existence of solutions is an immediate 
consequence of the following conserved quantities for ( ll.lOp : the energy and the charge, 
respectively, 



E{v) = - J \v'{x)\'^ dx — J S{x)\v{x)\'^dx — - j \v{x)\'^ dx, 
Q{v) = ^ / dx. 



(1.28) 



This paper is organized as follows. Section 3 is devoted to establish a spectral theory 
for the operator —d1 — Z6 for Z ^ 0. Our analysis is based in the theory of von Neumann 
for self-adjoint extensions. Section 4 is concerned with the periodic well-posedness theory 
for (ll.lOp . p = 2, in Hp^^{[0,2L]). Section 5 describe the construction, via the implicit 
function theorem, of a smooth curve of periodic-peak for equation (I1.14p . Finally, in 
Section 6, the stability and instability theory of the dnoidal-peak is established. 



2. Notation 

For any complex number z G C, we denote hj and z the real part and imaginary 
part of z, respectively. For s G M, the Sobolev space H^^j.{[0,2L]) consists of all periodic 

oo ^ 

distributions / such that = 2L ^ (1 + k'^y\f{k)\'^ < oo. For simplicity, we will 

fc=— oo 

use the notation H^^^ in several places and H^^^ = L^^^.. We remark that L"^^^ and H^^^ 
are regarded as real Hilbert space with inner products 



{f,g)L2 = 3?y J{x)gix)dx, {f,g)H^ = {f,g)L2 + {dJ,d,g)L2. (2.1) 

We denote ||/||l2 = ||/|| and {f,g)L2 = {f,g)- For Q being an open set of M, i^"(fi), 
77, ^ 1, represents the classical local Sobolev space. [H^^^]', the topological dual of H^^^, 
is isometrically isomorphic to for all s G M. The duality is implemented concretely 
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by the pairing 

oo 

{f,g)=2L J2 fWm, for f e g e 



per' 



Thus, if / G L^gj, and g G -fffgr; with s > 0, it follows that (/, g) = (/, g). The convolution 



per "^^"-^ y ^ peri 

per 

1 



for /, G Lpg^ is defined by 

/ * 9{x) = ^ ] J^^~ y)9{y)dy. 

The normal elliptic integral of first type (see [13]) is defined by 
y f 

r dt r de _ ^ 

J ^(i-t^)(i-]^ ~ J ^i-kHiY?e ~ 

^ ^ 

where y = sin ip and A; G (0, 1). k is called the modulus and (p the argument. When y = 1, 
we denote F(7r/2, k)hY K = K{k). The three basic Jacobian elliptic functions are denoted 
by sn{u; k), cn{u; k) and dn{u] k) (called, snoidal, cnoidal and dnoidal, respectively), and 
are defined via the previous elliptic integral. More precisely, let 

u{y-k) ■.= u = F{ip,k) (2.2) 

then y = sirup := sn{u; k) = sn{u) and 

cn{u] k) := a/1 — = a/1 — sn?{u] k) 

dn{u] k) := a/1 — k'^y'^ = a/1 — k'^sn?{u] k). 



In particular, we have that 1 ^ dn{u\ k) ^ k' = \/\ — k"^ and the following asymptotic 
formulas: sn[x] 1) = tanh{x), cn{x; 1) = sech{x) and dn{x; 1) = sech{x). 
Finally, 'p{0±) = hm,ioLp{±e). 

3. The one-center periodic 5-interaction in one dimension 

In this section we develop a precise formulation for the periodic point interaction de- 
termined by the formal linear differential operator 

defined on functions on the torus T = M/27r. 7 is denominated the coupling constant or 
strength attached to the point source located at x = 0. 

Our main purpose here is to study the "solvability" of this model. So, we will show 
that their resolvents can be given explicitly in terms of the interactions strengths, 7, 
and the location of the specific source, x = 0. As a consequence the spectrum and the 
eigenfunctions can be determined exphcitly. Our method is based on the concept of 
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self-adjoint operator extensions of densely defined symmetric operators and so the von 
Neumann extension theory will be our main tool. 

The basic idea behind the study of models as in (13. ip is that, once their hamiltonian 
have been well defined, they can serve as corner stones for more complicated and more 
realistic interactions, obtained by various perturbations/approximations, such that as 
the point interaction models (ll.lOp . In our case, such theory is essential for finding the 
right profile of the solutions for equation in (I1.12p and for the domain of the self-adjoint 
operators Jl^i^zi'^2,z in (II. 250 - 01. 26p . which are the core of our stability theory. 

For being a densely defined symmetric operator on a Hilbert space and A^* denoting 
its adjoint, we consider the subspaces 

T>+ = Ker(A°* -z), and D_ = Ker(A°* + z), (3.2) 

and are called the deficiency subspaces of A^. The pair of numbers n+, given 

by 

n+(A°) = dim[D+], and n„(A°) = dim[D_] 

are called the deficiency indices of A^. 

Let A = — ^ and we consider the periodic Sobolev spaces on [0, 2tc], H^^^ = H^^j.{[0, 27i]). 

Lemma 3.1. A is a self-adjoint operator on Lp^^{[0,2n]) with the domain D{A) = H^^^. 

Next, since 6 G H^^^ — L"^^^ we have the following. 

Lemma 3.2. The restriction A^ = y4|£)(^o), where 

D{A') = G DiA) : (5, ^) = ^(0) = 0}, (3.3) 

is a densely defined symmetric operator with deficiency indices (1, 1). Namely, 

(1) symmetric: {A^tp,ip) = (tpjA^ip) fortp,ip G D{A^); 

(2) dense: DiA^ = L%- 



(3) deficiency elements: 




(3.4) 



g±i G D(A°*) and A°*g±i = ±ig±i. Moreover, n+(yl°)_(yl°) = 1. 



Proof. (1) The symmetric property of A^ follows immediately from that of the oper- 
ator A. 

(2) The operator A is densely defined and thus for every / G L^^^ there exists {/„} C 
ifpg^ such that lim„_>+oo ||/ — = 0. The functional 5 is not a bounded functional 
on the space i^^er- Then there exists a sequence {ipn} C H^^^ with HV^nll = 1 such 
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that S{ipn) = {S,ipn) = ipn{^) — )■ oo, as n ^ oo. Since 6 is a bounded linear on 

perl 



Hi ^ we can choose this sequence such that 



Define the sequence (n = fn - {5, V'n). Then {Cn} C D{A°) and 



||Cn-/ll^ll/n-/|| + 



^ as n — >■ oo. 



Thus the operator ^4° is densely defined. 
(3) Since (A-i)'^ e B{H^^^.; we have Qi = {A-i)-^5 e L^^,. Since 5{k) = l/27r, 
for ijj e D{Ao) C D{A) we obtain 



{A'^,g,) = {A^,{A-t)-'d) = 27rY,k'm^^d{k) 

^ (3.5) 

= iP{0) + 27iJ2HkWi{k) = ij{0) + {i>,igi) = {^P,igi). 



So, Qi e D{A^*) and = iQi- A similar analysis show that e L>(^°*) and 

A^*g-i = -ig-i. 

(4) The deficiency element gi is unique (up to multiplication by complex numbers). We 
introduce the following norm || ■ ||2,* in the space ifpg^([0, 2tt]), which is equivalent 
to the standard norm in this space, 



^ \\{-dl - t)ft = 27rJ2\ik' - ^)/(^)^ = ((^.^ + ^Y^'f, (d^ + ^Y^'f)- (3-6) 



Since 5 is a bounded linear on {Hp^^., \\ ■ ||2,*), the kernel X{5) = {/ G H^^^ 
^{f) — /(O) = 0} = D{Ao), it is a hyperplane of codimension 1. Next for ho e 
{A + i)-^gi e Hl^^ we have ± %{5). In fact, for / e %{5) 



{{dt + ly^'ho, {dt + If'f) = m = /(O) = 0. (3.7) 



Next, suppose /o e D{A^*) such that A°*/o = ifo- Let ^ e ^(^o) C L>(^), then 

(>l^,/o) = (AV,/o) = (V',^°7o) = (V',^/o). Therefore, ((A + ^)^, /o) = 0. Now, 
we show that hi = {A + fo E H^^^ satisfies that hi ± X{d). Let ^ e X{S), 
then from the above analysis we obtain 



{{d^ + 1)^/^, {dt + ly^'hi) = 2n - i)m%{k) = {{A - i)^, /o) = 0. 



fcez 



So, there exists A e C such that /o = Xgi- This completes the proof of the Lemma. 

□ 
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3.1. Deficiency elements g±i. Next we are interested in tlie profile of g±i which will 
be crucial in our stability theory. We consider \\g±i\\ = 1. From (13.41) it follows that 
g±i represents the fundamental solution associated to i, respectively. Next, we shall 
determine a formula for g_i G L^^^ {[0,271]). From (13. 4p will be sufficient to find %i G 
Lpgj,([0, 27r]) such that 

%m = (3.8) 

since 



implies g^i = ^%i{x) (we can also to obtain this formula via the following equality in the 
distributional sense, g-i = {A + i)~^6 = S -kXi = ^OCi)- The formula for gi is obtained 
from relation gi = 'gZi. Next, we find explicitly g^i. So, for ip G C^j. we solve 

+ i)h = ^. (3.9) 



We start by finding a specific base for the homogeneous equation 

y"-iy = 0. (3.10) 

For (3 = ^ and fx = the general solution for the second-order equation in (I3.10p is 

given by = ae^^ + be'^^. We consider the following base S = {yi,y2} for the set of 
solutions of (13.101) . 

yiiO = cosh(/30, 1/2(0 = cosh (/3(e + vr)). (3.11) 

So, we have that the Wronskian is given by W{yi,y2) = (3 smh{f3n) . Next for / = —ip we 
find a particular periodic solution yp of the equation 

y"-^y = f, (3.12) 

which via the variational parameters method is given by 

yp = uiyi + U2y2, (3.13) 

where 

y^f ^ cosh(/3(e + vr))/ 

^ W ' (3.14) 

yj cosh(/30/ 



Ml 



«2 



w w 
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Then 



MO = - 



w 
1 



cosh (l3{x + n) )f{x)dx + 



2n 



(3.15) 



M2(0 = / cosh{/3x)f{x)dx + (3o, 



for ao, f3o integration constants to be chosen later. So, after some calculations we obtain 
for ^ G M the formula 



2W 



2n 



cosh ( 2tt(3 



^ — X 

27T 



— X' 




[ 271 \ 


4) 



aocosh(/3^) +/3ocosh(/3(^ + 7r)) - J cosh + x + 7rj j 



(3.16) 



Here [•] stands for the integer part. Next we can choose ao, /3o such that the second line 
in f l3.16p will be zero, more exactly we have the following choices 



1 



/So 



2lT 



2tt 



2/3sinh^(/37r) Jo 
1 

2/3sinh^(/37r) 



sinh(/3x)-?/'(a;)(ia;. 



sinh I (3{x + tt) ]^(x)dx. 



Therefore we have that yp is a periodic function with a minimal period 27r and has the 
convolution expression 

yp(0 = 3<:,^V(0 eeM, (3.17) 

where Xi G L^g^([0, 27r]) is defined by 



Xi(x) 



2tx 



cosh 



2/3 sinh (/37r 

Therefore satisfies (13.81) . So, we get the profile 

1 



X 

2^ 



X G 



2(3 sinh(/37r) 



cosh — vrj j , for x G [ 



-TT, TT . 



(3.18) 



(3.19) 



Lastly, we obtain the expression for the deficiency element g-i. For cr = 1/ (2/3 sinh(/37r)) 
and x G [— TT, vr] 



fl'-iia;) 



0" 



cosh 



\X\ — TT 

"71~ 



cos 



\X\ — TT 



+ i sinh 



X — 7r 



V2 



sm 



X — TT 



V2 



(3.20) 



See Figure 1 and Figure 2 below for the profile of the real and imaginary parts of g^i, 
^{g-i) and 9'((?_j), respectively. 
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FiGURE 1. Graphic of the Figure 2. Graphic of the 

function ^{g-i) given by fl3.20p function '^{g-^i) given by fl3.20p 

In the next subsection we need to use that the deficiency elements g±i have Lpgj,([0, 27r])- 
norm equal to 1. So, for = = G with 

^ _ 72 sinh(y27r) + sin(v/27r) 

4 cosh(y27r) - cos(y27r) 

we obtain the normalized deficiency elements g±i = if^. But for convenience of notation 

we will continue to use g±i. 

Remark: We note that ^{g-i) has the peaks in ±2n7r, n E Z, and '^{g-i) is a smooth 
periodic function. 

3.2. Self-adjoint extensions of A^. In this subsection we present explicitly all the self- 
adjoint extensions of the symmetric operator defined in Lemma 13. 2[ which will be 
parametrized by the strength 7. 

From Lemma 13.21 we have that the deficiency indices and deficiency subspaces of A^ 
are given by 

n+_ = l and D+ = = (3.21) 

where g-i is given by f l3.19p and gi = 'g^. Next, let 5 be a closed symmetric extension of 
Then for ipe D{B*),we have 

{tfj, B*^) = {B^, ip) = {A^, ^) for all G 

Thus If G D{A^*) and B*(p = A^*(f, therefore we obtain the basic relation 

A° C 5 C 5* C A°*. (3.22) 

So, from (13. 210 - 03. 220 and from the von Neumann extension theory for symmetric op- 
erators [38j we have that all the closed symmetric extensions of A^ are self-adjoint and 
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coincides with the restriction of the operator A^* . Moreover, there is a one-one correspon- 
dence between self-adjoint extensions of A° and unitary maps from 2)+ onto Hence, 
if U is such an isometry with initial space D+ then there exists 6 G [0, 27r) such that 

U{Xgi) = Xe'^g.i, for all A G C. 

Then via this identification for 6 G [0,27r) the corresponding self-adjoint extension A^{6) 
of is defined as follows; 

D{A\e)) = {^p + Xg, + AeV. : ^ e D{A'), X G C}, 

A%e){^ + Xg, + Xd'g^,) = ^"^(^ + Xg, + Xe^'g.;) = + iXg, - iXe^'g.,. 

For our purposes we will parametrize the self-adjoint extensions A^{6) with the strength 
parameter 7 G M U {+00} instead of the parameter 6 appeared in the von Neumann 
formulas (13. 23 p . So, we obtain from f l3.19p that for ( G D{A^{6)), in the form ( = 

'ip + Xgi + Xe'^^g-i, we have the basic expression 

C'(0+)-C'(0-) = -A(l + e^^). (3.24) 

Next we find 7 such that 7C(0) = — A(l + e^^). Indeed, after some calculations we find the 
formula 

Slcoth(/!ir)e'<i-i>] 

which can be write as 

7(.) ^ -4|sinh(/3.)Pcos(^/2) 

sinh(y27r) cos(f - f ) sin(y27r) sin(| - f ) 

Therefore, if 6 varies in [0, 2tt), 7 = 7(0) varies in M U {-|-oo}. For the unique 6q G [0, 27r) 

such that 3?[coth(/37r)e*'^^~^^] = we have limefeo 7(^) = +00. 

So, from now on we parametrize all self-adjoint extensions of A'^ with the help of 7. 
Thus we get. 

Theorem 3.1. All self- adjoint extensions of A'^ are given for —00 < 7 ^ +00 by 
(P 



-A. 



D{-A,) = {C G Hl^l-n, tt]) n H'ii-n, vr) - {0}) H H\{2nn, 2(n + l)7r) : (3.27) 

C'(0+)-C'(0-)=7C(0)}. 
The special case 7 = just leads to the kinetic energy hamiltonian —A in Lpg^([— tt, tt]), 

-A = -:^, D{-A) = HU[-7r,n]), (3.28) 



dx"^ ' 
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whereas the case 7 = +00 yields a Dirichlet-periodic boundary condition at zero, 

D{-A^^) = {C e Hl^,{[-7r, tt]) n H\i-n, n) - {0}) H H\i2nn, 2{n + l)7r) : C(0) = 0}. 

(3.29) 

Proof. By the arguments sketched above we obtain 

A\d) C -A^ (3.30) 

with 7 = 7(^) given in (13. 26^ . But — is easily seen to be symmetric in the corresponding 
domain D{—A^) for all —00 < 7 ^ +00, which implies the relation 

A\d) C -A^ c (-A^)* C A\d). 

It completes the proof of the Theorem. □ 

Remarks: 

(1) Since —-j-2g±iix) = ±ig±i(x), for x 7^ 2n7r {n E Z), we have for ( E D(A^(9)) the 



relation 



A"ie)iOix) = A'ie)i^ + \g, + Xe''g.^){x) 



;i){x) - \—g^{x) - \e'^—g^i{x) = -A^C{x) 



dx"^ dx"^ dx"^^ 

which implies relation f l3.30p . 

(2) ForC e D{A^{e)) it follows C e i72((2n + l)7r, (2n + 3)7r) - {2(n + l)7r}) for n G Z. 
Obviously we have C'(2(n + l)7r+) - C'(2(n + l)7r-) = 7C(2(n + l)7r). 

(3) For a characterization of the domains D{—A^) for all —00 < 7 ^ +00 we refer to 
the reader to Theorem 13 . 4 1 1 b elow and remarks associated to it. In particular, from 
fl3.45p we obtain for the extreme case 7 = +00 that all element C, E £>(— A+00) has 
the decomposition 

2/3 

C(x) = i)-i{x) i)^i{Q)g^i{x), 

coth(p7r) 

where E ifpg^([-7r, tt]). 

(4) The expression Dirichlet-periodic boundary condition at zero emerges in a natural 
form since every element Q E D(— A+oo) belongs to the space H^^^{\—ti,tx]) n 
i/2((-7r,vr)-{0})ni/o^((0,2vr)). 

(5) By definition — A^ describes a periodic 6-interaction of strength 7 centered at zero. 
In other words, equation (I3.27P is the precise formulation of the formal linear 
differential operator (13. ip . namely, for ( E -D(— A^), —-^C = + 7'^)C iii ^ 
distributional sense. 

(6) An informal calculation shows that the jump condition in (I3.27P is "quite natural" . 
Indeed, consider the Schrodinger equation + 'j6( = X( and "integrate" from 
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-e to e, then 



-C{e) + C{-e)+^aO) = xJ\{x)dx. 
If e ^ 0+ we obtain C'(0+) - C'(O-) = 7C(0). 



3.3. Resolvents and spectrum for — ^ + 75. In this subsection we study the solv- 
ability of the model in fl3.ip in a periodic context. So, we will show that their resolvents 
can be given explicitly in terms of the interactions strengths 7. It will be shown that the 
spectrum and the eigenfunctions can be given explicitly. Here we use the Krein's formula 
for the resolvents of two self-adjoint extensions of one symmetric operator (see jlj). The 
results to be established here can be use for showing that the family of self-adjoint op- 
erator Ciz and L2 z in fll.25p - (ll.26p . are real-analytic in the sense of Kato (see section 
6). 

We star with the following basic result. 
Theorem 3.2. The resolvent of —A in Lpg^([— tt, tt]) is given for k"^ G p(— A) by 

(_A-A;^)-V = J,^/, k^n,neZ, (3.31) 
where the integral kernel Jk G Lpg^([— tt, tt]) is defined by 

with k being a square root of k'^. 

Proof. The proof follows the same ideas explained in subsection 3.1, so it will be omitted. 

□ 

Remark: From fl3.32p ) it follows that the set of singularities of J^, {n : n G Z}, 
produces the well-known set of eigenvalues associated to the operator —A, namely, {n^ : 
n G N}. 

Next, we shall describe the resolvent of the self-adjoint operators — A^. 
Theorem 3.3. The resolvent of — A^ in Lpg^([— vr, vr]) is given for k ^ n, n E^L, by 

(_A^ - = (-A - ey^ - ^ — — T{-MJk. 

^ ^ > ^ ) 47r2 7 coth(iA;7r) + 2iA; ^ ' (3.33) 

fc^ G p(— A^), k being a square root of k'^, —00 < 7 ^ +00. 
Therefore, — A^ has a compact resolvent for —00 < 7 ^ +00. 

Proof. Let 7 7^ +00 and k such that 7coth(iA;7r) 7^ —2ik. For /c 7^ n, n G Z, and 
/ ^ ^per([-^>7r]) define 

Ki.) ^ [(-A - - (3.34) 
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It is easy to see that /i^ G H^^^{[-n,n])nH^{{-TT,TT)-{0})). Since 4(0+)-4(0-) = -2tt 
we obtain 

h'.,(0+) - K(0-) = ^—^JilL-^ j .Uymy)dy = .^.(O). (3.35) 

Therefore equation fl3.35p imphes that h-y G D{—/\^). Next, since for a; G M — 27rZ 

- J'l{x) - k^Jkix) = 0, (3.36) 

from Theorem 13.11 follows that 

[{-A^-P)h^]{x) = -h'!^{x)-k^h^{x) = f{x), for x G M - 27rZ. (3.37) 

Hence we obtain f l3.33p . 

Let 7 = +00 and k ^ n, n E Tj. Since coth(zr7r) = if and only if r G M and r E 1^, 
the following formula for the resolvent of — A+oo is well defined 

1 Onl. 

(-^- - ^•^)- = (-A - - ^-^(.. J.>4. (3.38) 

Finally, combining f l3.33p and fl3.38p we obtain that — has a compact resolvent 
for — oo < 7 ^ +00, so the spectrum of — A^, cr(— A^), is a infinity enumerable set of 
eigenvalues {/i„}„;>o such that 

and fin +00 as n — )■ oo. □ 
Remarks: 

(1) Jfc ^ D{—A^) for k such that 7 coth(i/i;7r) 7^ —2ik. Indeed, 

4(0+) - 4(0-) = -2n ^ jMO). (3.39) 

(2) Jfe G Hl^^{[-n,n])nH^{{-n,n)-{0})r]H^{{27m,2{n + l)n)), and satisfies f l336|l 
in (-7r,7r) - {0} with 4(±7r) = 0. 

Next we have additional domain properties of — A^ and point out the locality of the 
periodic 5-interactions. 

Theorem 3.4. The domain D{—A^), —00 < 7 ^ +00, consiste of all elements ( of the 
type 

1 2i^k 

<W = - S7^Sh(ifei*^<»'*W- ("0) 

where ipk G D{—A) = ifpg,^([— tt, tt]), k"^ G p(— A^), k being a square root ofk"^, and k ^ n. 
The decomposition f l3.40p is unique and with ( G D{—A^) of this form it follows that 

i-A^ - ex = (-A - (3.41) 

Also if C E D{—A^) such that ( = in an open set C M, then —A^( = in 0. 
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Proof. Since (-A - P)-\Ll^^) = D{-A), one has that 

(-A, - e)-\-A - P)D(-A) = (-A, - kY\Llr) = D{-A,). 
Therefore for every C G D(— A^) there exists ipk G D{—A) such that from fl3.33p we obtain 

C = {-A,-e)-\-^-k')tlJk 

47r^ 7Coth(iA;7r) + 2tk 

Next we prove ((—A — k'^)ipk^ Jk) = 27r^/'fc(0). Indeed, combining fl3.36l) . the Remark-(l) 
after the proof of Theorem 13.31 and ip^ ^ H'^er follows that 



(( - A - k')i)k, Jk) = lim / i-ipkix) - k'i/jk{x))Jk{x)dx+ 

-^-^ (3.43) 
lim [ {-i^lix) - k^i,k{x))Jk{x)dx = V^fc(0)K(0-) - 4(0+)] = 27r^fc(0). 

Next, we prove uniqueness of the decomposition in f l3.40p . Let C = 0, so 

1 2i'yk 

M^) = 7. X , ^■, i^k{^)Jk{x), X G (-TT, Tt) - {0}. 

/vr 7 coth(«/e7rj + Zik 

Since V'fc £ -f^per it follows immediately that ipk = Now, relation f l3.4ip simply follows 
from the equality 

(-A, - k^)-\-A - k')^IJk = ^k- T^Jt\-^^^-^ - k')^^^'J'^)J^ = C- 

4tt^ 7 coth{tk7T) + 2tk 

To prove locality we assume first 2ttZ fl = 0. Then is immediate that the relation 

(-^-A;2)jfc(x) = 0, for xgO 
and f l3.4ip imply that for a; G 



(-A,C)(x) = k\{x) + - - A;^ hAfc(a:) 



:^fc(o)(-^-p)jfc(x) = o. 



27r 7 coth(iA;7r) + 2ik 

On the other hand, if there exists n G Z such that 2'nn G then ^(0) = ^(2?™) = 0. 
Therefore from the definition of D(— A^) we have C'(0+) = C'(0~) cind so C'(0) exists. 
But relation fl3.4Up then implies that ^^(0) exists if V'fe(O) 7^ 0. Hence we need to have 
that Vfe(O) = and then ( = 7/;^ g i7pg^([-7r, tt]). So it follows C G D{J^) and it implies 
that 

A' 

This completes the proof of the Theorem. □ 



-A^CW = -— C(a;) = 0, for x G 0. 



20 J. ANGULO AND G. PONCE 

Corollary 3.1. The domain D{—/S.^), — oo < 7 ^ +00, consists of all elements C, of the 
type 

ax) = Hx) - ^eotM^^) + 2/3 ^^0)^-^^)' ^ e M - 27rZ (3.45) 
forifje H^,,{[-n,n]). 

Proof. For k being a root of A;^ = —i in Theorem 13.41 we have that /3 = zfc is a root of i, 
and so the corresponding function Jk in f l3.40p is given by g^i = ^"^i- □ 

Remark: From Theorem 13.41 we obtain that if C G D{—A^) and ({0) = then 
CGi/,2,,([-7r,7r]). 

Next, we deduce some spectral properties of — A^. This information will be relevant 
for our well-posedness results. 

Theorem 3.5. Let —00 < 7 ^ +00. Then the spectrum of —A^ is discrete and 
such that Oi ,y < 6*2,7 = ^3>7 = ' ' 

// — 00 < 7 < 0, — has precisely one negative, simple eigenvalue, i.e., 

a^{-A^) n (-CX), 0) = (3 

where fi^ is positive and satisfies 7 = —2fi^tanh{fi^TT) . The function 

is the strictly positive (normalized) eigenfunction associated to the eigenvalue —fi^. The 
nonnegative eigenvalues (are nondegenerated) are ordered in the increasing form 

< kI < 1 < kI < < ■ ■ ■ < K^j < f < ■ ■ ■ 

where for j ^1, is the only solution of the equation 

2k 

COt{KTT) = — (3.48) 

7 

in the interval [j — |,j). The eigenfunction associated with kj is J^^ G D{—A^). The 
sequence {j^jj^i is the classical set of eigenvalues associated to the operator —A with 
associated eig en functions {sin(jx) : j ^ 1} C Z)(— A^). 

If'y>0, — A^ has no negative eigenvalues and the positive eigenvalues (are nondegen- 
erated) are ordered in the increasing form 

0<kl<l<kl<2^ <■■■ <k^j <f <■■■ (3.49) 

where for j ^ 0, the eigenvalue fc^+i is the only solution of the equation 

2k 

cot{kTi) = — (3.50) 
7 



^'-«> = fenr - 21U.. ii.!lh(...) -"(^^(i^i--))- (3.47) 
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in the interval + |). The eigenfunction associated with k'j^-^ is Jkj+^ G -^("^7)- The 
sequence {j^jj^i is the classical set of eigenvalues associated to the operator —A with 
associated eigenfunctions {sin(jx) : J ^ 1} C D{~A^). 
Zero is not eigenvalue of — for a// 7 7^ 0. 

For 7 = +00, (t(— A+00) = {j^li^i (ind with associated eigenfunctions {sin(jx) : j ^ 
1} C — A+00. The eigenvalues are nondegenerated. 

Proof. We divide the proof into several steps. 

(1) For 7 7^ the eigenvalues j^, j € N, j ^ 1, are simple. In fact, it is immediate 
that ilJj{x) = sm{jx) e D{—A^) and —A^tpj = —ipjlx) = j'^ipj{x) for a; G M. We 
known that the next equation 

—'(p"=j'^tp on (0, 27r) (similarly on (— 27r,0)) 

for ^|J 0, has exactly two linearly independent solutions. So is simple on 
D{—A^). Moreover, for every ip G D{—A^) satisfying —A^ip = j'^ip, we have 
i/j^x) = a;sin(ja;) + /3cos(jx) for x G (0, 27r) and x G (— 27r,0). Then 7V'(0) = 
f{0+) - f{0-) = 0, implies /3 = 0. 

(2) For 7 < 0, — /i^ is the unique negative eigenvalue for — A^. Suppose A > such that 
A 7^ /i^ and for — A^ there exists ipo ^ -^("^7) ~ {0} satisfying —A^ipQ = —X^ipQ. 
Define 

P,(.) = |(-A + A^)-',y(.) - 

Then as in the proof of Theorem 13. 3t G A^) and [(— A^-|-A^)j9^](x) = ip^^x) 
for X G (— 7r,7r) — {0}. Hence, 



^01 



|2 



((-A^ + \^)p^,%) = {py, i-A^ + A2)^o) = 0, 



which is a contradiction. 
(3) For 7 > 0, — A^ has no negative eigenvalues. Suppose A < 0, C 7^ and — A^^ 
A^. Then, from integration by parts 



Aiicr=/ ax){-A,ax))dx = iimj ax){-c'{x))dx 

+ hm r ax)i-C"ix))dx = 7C'(0) + llC'f . 



(3.51) 



From fl3.5ip we obtain ({x) =0 for all x G M, which is a contradiction. 
(4) Next we show that zero is not eigenvalue of — A^ for 7 > 0. Indeed, let ( G 
D{—A^), ( ^ 0, and —A^( = 0. Then zero will be the first eigenvalue of the 
self-adjoint operator — A^ and so it is simple. Moreover, ( can be choose as being 
an even positive function. Then ( is symmetric with regard to the line ^ = tt 
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and therefore ('{±tt) = (recall ( G H'^{{2mT,2{n + l)vr)), n G Z). Hence, from 
integration by parts 



0=/ C(a:)(-A,C(x))rfa; = 7C(0) + ||C'r, (3-52) 

J —IT 

which implies ({x) = for all x G M. 

(5) The eigenvalues Kj and k'j satisfying the relations (13.481) and (13.501) respectively, 
for j ^ 1, are simple. The proof follows the ideas of how to obtain the function 

in (I3.32p . More exactly, if / satisfies — A^/ = k'jf then there is /3 G M such that 

(6) From formula in (I3.38P it follows coth(iA;7r) = if and only if A; G M and k, n & Z. 
Therefore, since for j ^ 1, j G N, sin(jx) G D{A^) C -D(— A+oo) and for all x G M 

-A+oo sin(jx) = A°(sin(jx)) = --— sin(jx) = f sin(jx), 

the nondegeneracy of the eigenvalues is immediate. 
The proof of the Theorem is completed. □ 

Remarks: 

(1) From the formula for the resolvent in (13.331) we obtain for 7 < the explicit 
structure of the residuum at k satisfying 2ik = —•y coth{ik7i) . 

(2) From the definition of the domain D[—A^), 7 7^ 0, the only periodic constant 
function in this set is the zero function. 

(3) We can give a general proof of that zero is not eigenvalue of — A^ : Suppose 
/ G D{-A^) - {0} such that -A^f = 0. Then f"{x) = for all x G (0, 27r), hence 
since / is periodic we need to have f = r, r a real constant. So, from the jump 
condition r = which is a contradiction. 

(4) From the min-max principle we obtain that for 7 < 

A = inf |||t;^f + 7 j S{x)\v{x)\'^dx : \\v\\ = l,v E H^^^^ (3.53) 
is given by A = — /i^ and the corresponding positive eigenfunction is ip^ in (I3.47p . 

4. Global Well-Posedness in H^^^ 

Our notion of well-posedness for the equation NLS-5 in an arbitrary functional space Y 
is the existence, uniqueness, persistence property (i.e. the solution describes a continuous 
curve in Y whenever uo G Y) and the continuous dependence of the solution upon the 
data. The following proposition is concerned with the well-posedness of equation (ll.lOp 
ini7^V([0,2L]). 
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Proposition 4.1. For any uq G Hp^j.{[0,2L]) , there exists T > and a unique solution 
u e C([-r,r];i7i,,([0,2L])) nCi([-r,T];i7p-i([0,2L])) of dnni), such thatuiO) = u,. 
For each Tq G (0, T) the mapping 

is continuous. Moreover, since u satisfies the conservation of the energy and the charge 
defined in (11.281) . namely, 

E{u{t)) = E{uo), Q{u{t)) = Q{uo), 

for all t G [0, T), we can choose T = +00. 

// an initial data Uq is even the solution u(t) is also even. 

Proof. We apply Theorem 3.7.1 of [16j to our problem. Indeed, from Theorem 13.51 we 
have —A_z = —f^, where (3 = /i?.^, if Z > and /3 = if Z < 0. So, for the self-adjoint 
operator A = A_z - /? on X = Ll^^{[0,2L]) with domain D^A) = D(-A_2) we have 
^ ^ 0. Moreover, in our situation, we may take the space Xji = Hp^j.{[0, 2L]) with norm 

\\u\\j,^ = \\u,r+{p+i)\\ur-z\um', 

which is equivalent to iJpg^([0, 2L]) norm (see (I3.53P ). So, it is very easy to see that the 
uniqueness of solutions and the conditions (3.7.1), (3.7.3)-(3.7.6) in pjj hold choosing 
r = p = 2. Finally, the condition (3.7.2) in [16j with p = 2 is satisfied because of ^1 is a 
self-adjoint operator on Lpg^,([0, 2L]). □ 

5. Periodic travelling-wave for NLS-5 

In this section we construct positive periodic solutions for the elliptic equation (I1.14p 
such that the conditions in (ll.lSp are satisfied. These solutions belong to the domain of 
the operator — ^ — ZS, Z ^ 0. Our analysis is based in the theory of elliptic integral, 
the theory of Jacobi elliptic functions and the implicit function theorem. 

5.1. The quadrature method. We start by writing (ll.l5p -(3) in quadratic form. In- 
deed, for ip = ipi_j^z and x 7^ ±2nL we obtain 

[^'ix)r = l[-v\x) + 2co^\x) + AB^] ^ ^Fi^ix)), (5.1) 

where F{t) = —t^ + 2a;t^ + 4i?<^ and is a integration constant. We factor F{-) as 

F{^) = {r^l-V'){v'~ri) = 2[v']\ (5.2) 

where 771,772 are the positive zeros of the polynomial F. We assume without loss of 
generality that 7/1 > 772 > 0. So, 7/2 ^ v^(0 = ''7i and 

2u = r{i + r]l 4B^ = -7]hl (5-3) 
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Next, since is continuous one has 

[^'(0+)]^ = 1f(^(0)) and [^'(0-)]^ = 1f(^(0)). (5.4) 

Then |y9'(0+)| = |(/?'(0— )|, which as we will show below implies that ip'{0+) = —Lp'{0—), 
and so from fll.l5p -(4) 

^'(0+) = -f ^(0). (5.5) 

The case v^'(0+) = v^'(0— ) can not happen. Indeed, from fll.l5l) -(4) it follows ^^(O) = 
and so f'{0) exists. Therefore from ( 15. 2 p [(^'(0)]^ = —i^'lr]^/'^ which is a contradiction. 
Next, we obtain restrictions on the value of V5(0). From (15. ip and (15.50 we need to have 

^^^(0) = \F{m) > 0, (5.6) 

and so rji > ip{0) > 772. Next, since maxt^^Fit) = + AB^p (which is attained for t > 
in to = v^); "we obtain the condition 

£!,^(0) , ^ . t^, (5.7) 

and from (15. 6p 



^\0) = V_ _ (58^ 

Since ip{0) G M we need to have {2uj — ^)^ + 165;^ > 0. We start by considering the case 
of sign " — " in the square root in (15.80 . then: 

(1) For 2a; - ^ > 0, it follows from ([53]) that {2uj - > Ar]jr]'l and so rjf + rj^ - 

2 



2r]ir]2 > \. Hence, 



^1 ~ ^2 > —?=■■ (5.9) 



^2 

(2) From (15. 8 p we have as Z — )■ the asymptotic behavior 

^2(0) ^ V_ ^ ^ _ll l2_All 111 ^ ^5_iQ) 

(3) For 2a; — ^ < we obtain from (15. 8p that IQB^ > 0, which is not possible from 
(El. 



Now, we consider the case of sign " + " in the square root in (15. 8p . then: 

(1) For 2a; - ^ < we have ^"^{0) < 0, which is a contradiction. 

(2) For 2a; — ^ > we still have relation (15. 9p . but as Z — )• we obtain ^'^(0) — )■ r]"^. 

We are interested only in the sign " — " in (15. 8p for our stability theory. 
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5.2. Profile of positive periodic peaks for Z > 0. Next we are interested in finding a 
even periodic profile solution, (p^^z for fll.141) such that the peaks will be happen in ±2nL, 
n eZ, r]i> 0c^,z(O) ^ (pui,z{0 = V2 for all ^, and 

lim (f)^z = 4>w,o, 

Z-s>0+ 

where (p^^ is the dnoidal traveling wave defined in (II. 9p . Without loss of generality we 
can assume 2L = 1. 

We start our analysis by considering an additional variable via the relation 

02(O = ^^-asin2^(O, (5.11) 

with (f) = (pi^^z and 6*, a, constants to be choosen later. So for ^ 7^ ±n, n G Z, we obtain 
the equality 

20(O0'(O = -2«^'(0 sinV'(0 cosV^(0. (5.12) 
Therefore, from fll.l5l) -(4) we get the identity 

- 2Z02(O) = a[^'(0-) - V^'(0+)] sin2V^(0), (5.13) 

and so the phase-function %p satisfies the conditions 

?/;'(0+) - ^'(0-) ^ and ^(0) ^ ^ ^ ^- (^-l^) 

From (15321) and (lOD it follows that 

(?/'')^q;^ sin^ ip cos^ ^/^ = -(6* — a sin^ ip){rll — 6 + a sin^ ip){6 — rjl — a sin^ ■?/'). (5.15) 

By choosing 6 = a = rjf we have 0^(0 = ''7i cos^ V^(0) obtain the ordinary differential 
equation 

for ^ 7^ ±n, n G Z, and 

vt-vi 

From a basic analysis (see Appendix) one has that ^''(0 = if and only if ^ = s, where 
s is the unique point in (0, 1) s.t. (p{s) = 772- Moreover, ip has minimal period 1 and if (p 
is even then ip is also even. Then we obtain that ip'i^) > for C, G (0, s) which implies 
that we have a peak in ±nZ for ip in the form "V" . 

Now for P = [rjl — ?7|)/2, it follows from fl5.16p and from the behavior of ip that 

^-'(0 = -^^Jl-V^sin^m for i G (-s, 0), (5.18) 

and so for 

m - - / , , . , (5.19) 

Jipio) V 1 — r/^ sm t 
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we have F{^) = for ^ G (— s, 0). Therefore from the equahty 



+ / . ■ o (5-20) 



^/l — 1]"^ sin^ t io a/1 — sin^ t 

and from the relations k = l/rj and sin/3(^) = rjsmiplC,), we obtain from the theory of 
Jacobian elhptic functions (see [13]) that 



(5.21) 



£^ = -A;sn-^(sin/3(0; k) + ksn'^sin (3{0); k) 
= ~ksn^^{ri simple,); k) + A;sn~^(?7sin?/'(0); k). 

Now from ( I5.2ip one has 

a = sn^^(?7sin^/'(0); fc), [sn(a; fc) = sin ?/'(0)] (5.22) 

and consequently the formula 

sn(^- ^ + a; A;) = r7sinV^(0, for^G(-s,0). (5.23) 
Next we obtain the exactly value of a. Indeed, from the identities 



SYi-\y] k) = cn-^(Vl-2/2; k) = dYi-^{^l - k'^y^] k) 

follows, 

a = dn-i (^^ 1 - k^T]^ sin^ ^{0); k^ = dn-^(cosV^(0); A;) = dn-^(^^; fc). (5.24) 

Here 0(0) is given by the formula in the right hand side of (15. 8p . The shift- value a depends 
of the values of Z and u. Moreover, since 1 > (f)(0) /rji > k' = a/1 — k'^, 1 = dn(x) ^ k', 
for all X G M and k' = dn(i^), it follows that a is well-defined and a G [0, K]. Hence, from 
f l5.23p and (15.111) we obtain the profile 

(PiO = ViM-V^^ + ci;k) =r]idn{-^^ + a;k), foreG(-s,0). (5.25) 

v2 

Similarly, from (I5.16P 

<f){0 = ViM-^^ + a;k), for^G(0,s). (5.26) 

Therefore, one obtains the peak-function 

0(0 = 0(e; Vi, V2, Z) = 77idn(^|e| + a; fc) , for ^ G {-s, s), (5.27) 
where the shift a is given by f l5.24p and 771,772 satisfy 
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2 Vl V2 2 I 2 o 

; = 2 — , r/i +r/2 = 2uj, 

m 

\z\ 

< r]2 < rji, and r]i - r]2 > 

v2 

Next we shall determine the exactly value of s > such that 
follows 



(5.28) 

(s) = r]2. From (jESB it 



dn^ ("^'^ + a; 



12 



Then, since dn{K) = k' and dn has a minimal period 2K one has ^s + a = {2n + l)K{k) 
for n G Z and so one can choose 



s = —iK-a) 



(5.29) 



We note that if Z — > 0^ then 0(0) — > ?7i, and so a — )■ 0. Then we conclude that 
s{Z) as Z ^ 0+. Lastly, relation 



(j){2s) = r/idn(^-^s + /Sf) = r7idn(2is: - 



r]idn{-a) = r/idn(a) = 0(0) (5.30) 



implies that the profile in f l5.27p can be extend to all the line as a continuous periodic 
function satisfying the conditions in f ll.l5p with a minimal period 2s (see Figure 3). In 
the next subsection 5.4 we will show that it is possible to choose s = 1/2. 




Figure 3. Profile of the periodic dnoidal-peak in f l5.27p . 
From the above analysis we have, at least formally, that 



lim - 



where (p^^fi is the dnoidal traveling wave defined in ( II. 9p . The last equality must be 
understood in the following sense: for u > ^ fixed and x G (0,2L), there is a 5 > 
such that for Z G (0,5) and < a; we have that the family of periodic-peaks (puj,z, 
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with minimal period 2s, are all defined in x. We note that this type of convergence is not 
convenient for our purposes, because the period of (p^^^z is changing . 

5.3. Positive periodic peaks for Z < 0. We shall find a even periodic-peak, (uj,z, with 
peaks in ±2nL, n E Z, rji > ({0) > ri2, r/i ^ C(0 = V2 for all ^ 7^ ±2nL, and 

where (puj^ is the dnoidal traveling wave defined in (11. 9p . Suppose 2L = 1. Next we 
consider / via the relation 

C^(0 = r/?sinV(0^^2- (5.31) 

So for ^ 7^ ±n, n E Z, 

2C(0C'(0 = ^?/'(0 sin 2/(0- (5.32) 
Therefore, from (ll.l5l) -(4) we get 

- 2ZC\0) = vl[nO+) - no-)] sin2/(0), (5.33) 
and so the phase-function / satisfies the conditions 

f (0+) - f (0-) 7^ and /(O) ^—,keZ. (5.34) 
From (15.32P and (15. 2p one obtains 

[/? = k(4^inV-l). (5.35) 
z \ri2 / 

For Z < we know that C'(0+) > 0, so let p G (0, 1) be the first value such that ({p) = rji 
{p is a maximum point for Q. Therefore, sin^ f{p) = 1 implies f{p) = ^. Now, we have 
the following assumptions and behavior for /: 

(a) From (I5.3ip . /(^) 7^ for all ^. So, if we suppose / being strictly positive and 
/(^) e (0, |] (it suffices to have /(O) G (0, |), we obtain that / is periodic with period 1. 

(b) From fO^ . fOI|) . and f05]) we have /'(0+) = -/'(0-). So, since Z < it 
follows /'(0+) > and for ^ e (0,p), /'(O > 0. By evenness /'(O < for ^ G {-p,0) 
and therefore / has a peak in zero in the form "V" . 

Next we build a periodic peak in the form "V". From (I5.35P it follows for ^ G {—p,0) 
that 

/(O = -^^a2sinV(0-l, (5.36) 
with = r]f/r]'^ and | > /(O > /(O) ^ sin" ^(7/2/^71). Next, define for ^ G (-p, 0) 
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then from f l5.36p it follows that G(0 = ^ ^ ("P^O). Therefore, from the equality 

V 2 Jf{o) a/ sin^ z/ - 1 ^/(O V sin^ u - 1 

and from Byrd&Friedman (pg. 167), we obtain that the relations 

k' = ^^^, sin(r(0)) = |cos/(0), and sin(r(0) = 7 cos /(O, (5.39) 
T]^ k k 



6 = sn-i(sinr(0);/t) = dn~^{sui f{S))-k) =dn-^{^^-k^ = a. (5.41) 



imply 

= -^sn-i(sinr(0); A;) + ^^^-^(sin r(0; k). (5.40) 

Moreover, since ^2(2(0)74 = F(C(0))/2, we have from ([51]) and (jEH]) that C(0) = 0(0) 
and so f l5.24p implies 

Then from (15.401) we obtain 

esn' + a;k)= k' sin' r(0 = cos^ /(O = 1 - sin^ /(O, (5.42) 

and so from fl5.3ip we find the profile 

C(0=^irf^(^e + a;fc), foreG(-p,0). (5.43) 

Similarly, we obtain 

aO = Vidn(^-^^ + a;k^, foreG(0,p). (5.44) 

Then, we obtain the following peak-function defined initially for ^ G {—p,p) and with the 
"V" -profile in zero, 

C(0 = Vrz(^|e|-a;fc). (5.45) 

Since ((p) = rji follows that dni^^p — a;k^ =1 and so p = p{Z) = v^a/r/i (the first 

one such that C{p) = 0). We note that if Z — )■ 0^ then C(0) — )■ rji and so p{Z) — )■ as 
Z — )■ 0^. Now, if we see the profile ( in fl5.45p defined in all the line, we have that for 

p, = ^{K + a), (5.46) 

Vi 

follows 

C(Po) = r]idn(^-^po - a;k^ = r]idn{K; k) = rjik' = r]2. (5.47) 
Then C(±Po) = r/2 (C'(±Po) = 0). 
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Therefore we can build a even periodic peak for the NLS-(5 satisfying the conditions in 
fll.lSp with a minimal period 2po, and it being the periodicity of the even-profile C(0 
fl5.45p with ^ G [—po,Po] (see Figure 4). In the next subsection 5.5 we will show that it is 
possible to choose pq = 1/2. 



Figure 4. Profile of the periodic dnoidal-peak ( in ( I5.45p . 



Remarks: 

(1) For the "convergence" of the periodic-peak 0^^^ and (uj,z to the solitary wave peak 
(I1.13p . with p = 2 we consider for a determined parameter {ri2 is our case) the 
minimal period 2s in fl5.29p or 2pQ in fl5.46p sufficiently large. Indeed, from fl5.28p 
and fl5.39p we obtain for all Z that k'^{ri2) — )■ 1 for 772 — ?■ and so K{k{ri2)) — t- +00. 
From dElD (with "-") and 2v^ > \Z\ it follows that 

KziO) = Cz(0) ^ 2a; - Y ^s r^^ ^ 0. (5.48) 
So, in the case of (p^^^z (a similar result is obtained for Cui,z) that fl5.48p implies 

sin^ V^(0) = 1 - ^i^^4^ ^— as ^ 0, (5.49) 

since rjl — )■ 2uj as rj2 — > 0. Then, combining ( ]5.22p . (I5.49p . and sn(-; 1) = tanh(-) 
one gets that 

a(?72; Z) tanh"^ {7^1=] as r]2 0. 
\2y/uj/ 

Lastly, since dn(-; 1) = sech(-) we obtain the convergence (uniformly on compact- 
set) 

(t^^AO <P^,z,2{.i)^ as 772 ^ 0. (5.50) 

(2) Since 0^ ^2(0) = 2u; — ^ and the value 0^ ^(0) = C,"^ ^(0) is a increasing function 
of ?72, it follows from fl5.48p that the peaks associated to (t)ui,zXio,z resemble that 
of 4>u},z,2 in a neighborhood of zero and approximating to it for below. 
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(3) AsZ ^0- one has Cz(0) -> Vi and so a 0. Thus, from (ICTj) . po{Z) ^ 
as Z — )■ 0^. Hence 

hm = 0a;,o(a;), 

z— no- 
where (/)^^o is the dnoidal travehng wave defined in (11. 9p . 

5.4. Dnoidal-peak solutions to the NLS-5 with an arbitrary minimal period. In 

subsections 5.2 and 5.3 we found dnoidal-peak profiles (15.271) and (15.451) with a minimal 
period 2s and 2pQ. Next we shall see that the equality s = L can be obtained by any a 
priori L. In the analysis below we consider the case Z > 0, but a similar result can be 
established for Z < 0. 

We start by defining the general notations to be used in the next subsections. For 
4w > Z^ it follows from fl5:28|l that for all Z, 



<T]2<9{u,Z) <^ < \{co,Z) <r]i<V2u (5.51) 

with 



e{Lo, Z) = -^\Z\ + Juj- \z^ and \{u , Z) = ^\Z\ + \Lo^\z^ . (5.52) 
4 V 8 4 V 8 

For Tj G (0, 9{uj^ Z)) we define the functions: 

A:^(ry,c.) = |^, (5.53) 
2uj — rj^ 



and 



where 



T_(r/, Z) = —^^=[K{kiv, oj)) - air], co, Z)] (5.54) 
\/2uj — rj-^ 

air], oj, Z) = dn-i K^, oj)) , (5.55) 
^^^2uJ — rj^ ^ 



with ^irj,uj,Z) defined by (see (15. 8p ) 



(2a; - f ) + \ i2uj - - Ar]^i2tu - r]^) 
^'iv, c., Z) = '-—^ ^ -. (5.56) 

We note that the functions a and $ defined above are independent of the sign of Z. We 
will denote them by airj), $(77) or airj,uj), $(77,0;) depending of the context. 

Remark: For r] G iQ,6iuj, Z)) we obtain the condition (15.71) . namely, ^^^(r/, cj, Z) ^ 
2 
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Theorem 5.1. For Z ^ and u > Z^/A fixed, the mappings for rj2 G (0, 0{uj, Z)) 

$(^72) 

r]2 aim), V2 ^{V2), and 772 (5.57) 

are well defined. Moreover, they are strictly increasing, strictly decreasing and strictly 
decreasing functions respectively. Also, one has that 



and 



where 



lim r_(?72) = +00, (5.5^ 



lim T4r/2) = -p^[K{ko)-ao]^Uu,Z), (5.59) 



kl ^ kliu, Z) = ^^^^^^^ , (5.60) 



and = ao{u, Z) G (0, K{ko)) is defined by 



dn{ao; k^) = — — . (5.61) 

X[uj, Z) 

Finally, the mapping ri2 G (0, ^(cu, Z)) — T^{ri2) is a strictly decreasing function and 
so T_{rj2) G (To(co', Z), +00). Moreover, forrj2 G (0, 6'(c(;, Z)) it follows that 



2uj-T]l-r]2> -j^ 
Proof. The proof of the Theorem is immediate. In fact, the inequahty 



^2 / ^2 ^2 

0> —-V2\Z\^u- — >2r|i-2u + — 



l > ^== > - k\V2) = fc'(r/2), 



implies that 



and so a is well defined. Now, from f l5.53p and f l5.56p we have for r/2 ^ that k{ri2) — )■ 1 
and $^(772) — )■ 20; — Therefore, 

a = lim 0(772) < CO 

r?2-s-0 



with a satisfying sech(«) = y 1 — So, combining (15.541) and the fact that K{k{ri2)) — )■ 
+00 as k{ri2) — )• 1 we obtain fl5.58p . 
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Now, for ri2 — )■ 9{ijJ, Z) one has k'^{ri2) — )• k^. Since the mappping rj2 — )■ k'^{j]2) is strictly 
decreasing it follows that 

k{7]2) e (ko, 1), for ri2 e (0, eico, Z)). (5.62) 

We note that the condition u > Z'^/4 implies that the right hand side of f l5.6ip is bigger 
than k'f) = a/1 — fcg and so is well-defined. The above considerations yield the limit in 

From Figure 5 {Z = 1/2), 772 £ (0, ^(w,Z)) — )■ a(?72) is a strictly increasing function. 
The decreasing property of the other functions in (15.571) follows immediately. 




Figure 5. graph of (r^, w) — )■ 0(77,0;). 

The fact that the mapping 772 G (0, 6{u}, Z)) — t- T^{ri2) is a strictly decreasing function 
follows from the analysis in Theorem 15.41 below. □ 

Remark: Figure 5 shows that the mapping u — ?■ a{r], co) is a strictly decreasing func- 
tion. Moreover, a{ri,u) — )• as a; — )■ +00. This latter can be seen easy from formula 

Next we study, for Z fixed, the behavior of the mapping u e i^,+oo) — )■ To{uj,Z) 
given in (I5.59P (Figure 6 shows a general profile of {u, Z) — )■ Tq{u, Z)). From (I5.60p one 
has for oj — )■ +00 that /cq — )■ 0, then K{ko) — )■ | and — )■ 0. So, 

lim To{uj,Z) = 0. (5.63) 
Now since (3{co, Z) = K^ko) — oq, we have that /3(^, Z) is well defined and so 

hm To(a;,Z) = ^/3(^,z). (5.64) 
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From Figure 6, for Z fixed, uj — )■ T(){u,Z) is a strictly decreasing function. f l5.63p is 
a key result for our future analysis. In fact, for Z > fixed and L > there exists 
u > ^ such that 2L > To{ijj,Z). Consequently, from Theorem 15.11 there is a unique 
V2 = V2{^) £ (0, 9{uj, Z)) such that 

2s = T^{ri2) = 2L. (5.65) 

In particular, for Z = 1 and L = 1/2 there is a unique Uq > |, cuq ~ 5.2, such Tq^uq, 1) = 1 

and for all co > coq we have 1 > Tq{uj, Z). For L large Uq — )■ and for L small is 
large. Also for u fixed, 

a/2 

To(a;,Z)^^7r as Z ^ 0+, 

and Z —7- To(a;, Z) is a strictly increasing function. Then uj must satisfy oo > (see the 
theory in Angulo [5j for the case Z = in fll.l4p ). 




Figure 6. Profile of the function {to, Z) To{co, Z) in fl539D 

From the above analysis, if we define r^i = ^J2ijj — r]\ for 172 satisfying (I5.65p . fc^ and a 
via the relations in fl5.53p and fl5.55p . respectively, we obtain the peak- function 

0(O = r7idn(^|e|+a;fc), (5.66) 

for i G {-L,L). It satisfies item (4) and item (3) (for ^ e (-L,L) - {0}) in f lLTSj) . 
Moreover, since 0(±L) = 772 we can extend to all the line as a even periodic function 
with a minimal period 2L and in the interval [0, 2L] it is symmetric with regard to the 
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line ^ = L. Hence, we have obtained a periodic dnoidal-peak solution for equation 01.14p 



which satisfies all the properties in f ll.lSp and it belongs to the domain of —-f^ — Z5. 



5.5. Smooth curve of periodic peaks to the NLS-(5 with Z 7^ 0. In this section we 
construct a smooth curve of positive periodic peak solutions of fll.l4p with Z fixed. These 
solutions = ipuj^z have a priori fundamental period 2L, satisfy the conditions in f ll.l5p . 
and ipai,z G ~ ^^)- Moreover, for w > ^ and u fixed one has that 

lim ipuj,z{x) = (t)^fi{x) for x G [-L,L], (5.67) 
where 0aj,o is the dnoidal traveling wave defined in (11. 9p with a minimal period 2L and 

2 

u > j^. Our analysis will show also that the mapping Z — )■ ip^^^z is analytic. This 
will be an essential in our stability theory. Also we shall need to show that the map 
u — 7- ri2{uj) G (0, 9{u, Z)) is smooth. 

First we consider the case Z 7^ and small. First, we shall establish a result obtained 
by Angulo in [5] for the cubic NLS. For r] G (0, \/uj), we define 

F(r?, u) = -^=K{k{^, u)). (5.68) 

From the properties of K it follows that for a; > fixed and rj G (0, ^/uJ) that the mapping 
r] — )■ F{r],u) is a strictly decreasing function and satisfies F(r],u) > \/2txI^IZj. Hence, 
for L > fixed and cjq > ^ there exists a unique r]Q such that F(r]Q,ujQ) = 2L. The 
following Theorem has been obtained in |5|. 



Theorem 5.2. Let L > fixed. Consider uq > and rjo = //(cjq) ^ (0, a/^) such that 
F{rio,uo) = 2L. Then there are intervals Jq^uq) around uo and No{rio) around rjo, and a 
unique smooth function Aq : Jo (1^0) Ao(?7o) such that Ao(ci;o) = rjo and for rj = Ao(a;) 
one has F{t],uj) = 2L. Moreover, 

Noivo) X Jo{uJo) C {{ri,uj) : uj > — , rj G (0, v^)}. 



Furthermore, Jo{ujo) can be taken equal to (^,+00). For rji = rii{ui) = y'2uj — ri'^, the 
dnoidal wave solution 0a;,o defined in (11.91) has fundamental period 2L and satisfies the 
equation 

-Co(3^) + w0<^,o(a;) - (^l,o{x) = for all x G M. 

2 

Also, u G (^, +00) — i- 0a;,o ^ ^'p^ril'^^ 2L]) is a smooth function for all n G N. 

5.5.1. Smooth curve of periodic peaks to the NLS-6 with Z > 0. We shall show that 
for Z > fixed, there exists a smooth curve u — )■ 0^^^ G ifpg^([— L, L]) . Moreover, the 
convergence in (I5.67P can be justified at least for Z — )■ 0+. The proof will be a consequence 
of the implicit function theorem and Theorem 15.21 We recall that uj > 
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Theorem 5.3. Let L > fixed, 6 small, 6 < j^, and Z G (—6,6). Let ujq > and r/o 
be the unique tiq G (0, ^/uJo) such that F{rio,oJo) = 2L. Then, 

(1) there are an rectangle R{uo,0) = J{ujq) x (—6q,6o) around {uo,0), an interval 
Ni{rio) around tjq, and a unique smooth function Ai : R{uo, 0) — ?■ Ni{rio) such that 
Ai((X'o, 0) = ?7o and 

'^[K{k) -a{u,Z))]=2L, (5.69) 

'ni,z 

where rjf ^ = '^'^ — V2 z /'^^ ('^j ^) ^ R{^o, 0) and 772,^ = Ai(ci;, Z). 

(2) J(iX'o) = +00) and k G (/eq, 1), defined in fl5.60p . 

(3) Ni{7]o) X R{uo, 0)cG = {{v,uj,Z):u> i^,2L> Toiu, Z),r] e (0, e{u, Z))}. 

(4) For Z = we have a{u), 0) = and so from Theorem \5.2\ it follows that Ai{uJ, 0) = 
Ao(w). Therefore, lim^^o+ '72,z(w) =t]{^)- 

(5) For Z G (0,(5o) we denote ri2^z by 772,+ - T/ien t/ie dnoidal-peak solution ip^^z in 
fl5.27p wt/i rji being r/i _|_ = (2a;^ — r/l _,_)^/^, /ios minimal period 2L and satisfies for 

lim (l)oj,z{x) = (f)u;,o{x), forx G [-L,L]. (5.70) 

(6) Z — )■ G Hp^^{[—L, L]) is real- analytic. 

Proof. The proof is a consequence of the imphcit function theorem apphed to the mapping 

2^/2 

G{r], u, Z) = A K{k{r], u)) - a{r], u, Z))] 

' 2uj — rj^ 



with domain G. From f l5.63p follows G 7^ 0. Moreover, if (770, uq, Z) & G then for all u > 
(xJq we obtain {rio,co,Z) G G ( G{rio,coo,0) = 2L). Next, we claim that dr,G{rio,uo,0) < 0. 
Indeed, from Theorem 2.1 in Angulo [5j we have dr^F{r], u) < since <9^fc(?7, w) is a strictly 
decreasing function of rj, since dria{ri,u, Z) > (see Theorem 15.11 or Figure 5 above with 
a Z fixed) we prove the claim. Theorem 15.21 implies item (2) above. 

Finally, since the functions a in (15.550 and Ai are analytic, the mapping {00, Z) — )■ ip^^z 
is analytic for (w, Z) G {{uj,Z) : uj > Z small. This finishes the proof of the 

Theorem. □ 

Corollary 5.1. Consider the mapping Ai : R{uo,0) — )■ Ni^tjq) obtained in Theorem \5.3[ 
Then for Z fixed, the mapping uj — >■ 7/2,+ (cu) = Ai(a;, Z) is a strictly decreasing function. 
Moreover, for k and a defined in (15.530 and (I5.55P respectively, one has -^kioj) > and 

Proof. Let Z fixed. Since G{Ai(uj, Z),uj, Z) = 2L one has that 7/2^(0;) = ~^q^- Us- 
ing that di^G{ri,u, Z) < (see Figure 11) we obtain 7?2,+ ('^) < 0- Next, for 0(0;) = 
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a(Ai(c<;, Z),(jj, Z) therefore 

d . , da dAi ^ q 

doj dAi duj du 

since |^ > and |^ < (see Figure 5). Finally, from the formula of k in f l5.53p it 
follows immediately that k{u) = k{Ai{u, Z),u, Z) is a strictly increasing function. This 
completes the proof of the Corollary. □ 

By using Maple's software we can give a general profile of G(?7, Z), Z fixed. For 
instance, for L = 1/2 and Z = 1 the analysis in subsection 5.4 tell us that 1 > To{u, 1) 
for all w > Wo ~ 5.2 with To(ci;o, 1) = 1. So, we obtain the profile of G(?7, uj, 1) for u > Uq 
and 1] G (0, 9{uj, 1)) given by Figure 7. We observe that d^G^r], u) < and dr^Girj, oj) < 0. 




Figure 7. Graph of G{r],u, 1) 

In the next section, we will need to use that the mapping Z 0^^^ is analytic for 
Z > (we recall that this property is local type). So, by using an argument similar to 
that provided in the proof of Theorem 15.31 and the analysis in subsection 5.4 we obtain : 

Theorem 5.4. Let L > fixed and Zq > 0. Consider ujq > ^ such that 2L > 

To{ujo, Zq) and uo > Let 172,0 = V2fl{^0: Zq) G (0, 6'(a;o, ^0)) the unique value such 

that T_(?72,o, Wo, Zq) = 2L. Then, 

(1) there are an rectangle S{ijJo,Zq) = H^uq) x /(Zq) around {ijJo,Zo), an interval 
^2(^2,0) around rj2fl, and a unique smooth function A2 : ^'(cuo, Zq) — )■ Ni{rj2fi) such 
that A2(wo, Zq) = rj2fl and T_{r]2,+ ,uj, Z) = 2L for 172,+ = ^2{i^, Z). 

(2) H{uo) can be choosen as {fi{Z, L), +00) , where fi{Z,L) > -j- and fi{Z,L) > j^. 

2 

For Z = we have /i(0, L) = 
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(3) the dnoidal-peak solution in f l5.27p . (f)uj,z{0 = 0(^j'7i,+)j determined by rji^^ = 
{2uj — i]2^Y^'^ satisfies the properties in fll.lSp . Moreover, the mapping 

Z-^<P^^zeHlX\-L,L]) (5.71) 

is real-analytic. 

Corollary 5.2. For Z fixed, the mapping u — >■ rj2,+{u)) = A2(w, Z) is a strictly decreasing 
function. Moreover, for k and a defined in f l5.53p and fl5.55p respectively, one has that 
£k{uj) > and £a{u) < 

Corollary 5.3. For Z ^0 fixed, consider the mapping a : L), +oo) — )■ M obtained 

in Theorem \5.3\ and Theorem \5.4\ Then a{u) — )■ as u ^ +oo. 

Proof. We consider a given by Theorem I5.4[ From Corollary 15.21 it follows that for u > ui 
and r}2,+ {u}) = A2(w, Z) 

~ OJ ~ u 
Thus, k'^{u) 1+ and ^y=^ ^ 1+ 

as — 7- +00. Therefore, f l5.55p yields the identity 
lim a{uj) = sech~\l) = 0. (5.72) 

□ 

5.5.2. Smooth curve of periodic peaks to the NLS-6 with Z < 0. The following Theorem 
shows that for Z < 0, fixed there exists a smooth curve u — )■ Cw.z ^ Hp^^{[—L, L]) and 
that the convergence in fl5.67p for Z — )■ 0~ is possible. The proof is similar to that of 
Theorem 15 . 3 1 and Theorem 15. 4| so we shall only describe the main points in the argument. 
We start by defining 

T+(r/2,c^) = -^^^=[K{k{7^2,i^)) + a{v2,i^)] (5.73) 

and 

Tiiu, Z) = -^^^[K{h) + ao] (5.74) 

where Tiiuj.Z) = \im.ri2^gTj^{ri2,co). From (15.630 and lima;->+oo a.o(w) = it follows that 
\im^^^ooTi{u, Z) = 0. So, since the mapping u — i- Ti{ijj,Z) is a strictly decreasing 
function we obtain a unique coi > ^ such that 2L > Ti(uji,Z) and for every to > coi, 
2L > Ti{u,Z). Now, for u chosen in this form one finds a unique 772,1 = V2,i{^) £ 
(0, 9{uj, Z)) such T+(?72,i, w) = 2L. Moreover, since Ti{(jj, Z) = Tq{uj, Z) + -^^^^cbo ~^ 

as Z — )• 0~, we obtain a priori the condition uj > 
We have the following theorem of existence. 
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Theorem 5.5. Let L > fixed and Zq < 0. Consider coi > -j- such that 2L > Ti^ui, Zq) 

anduJi > Letr]2,i = f]2,i{^i, Zq) G {{^,d{ui^ Zq)) the unique value such thatTj^{r]2,i) = 
2L. Then, 

(1) there are an rectangle W{u)i,Zq) = Q{u)i) x V{Zq) around {uJi,Zo), an interval 
^2(^2,1) around 772,1, and a unique smooth function A3 : W{uJi,Zo) — ^ ^^"2(772,1) 
such that A3(u;i, Zq) = rj2,i and T+{ri2-,u, Z) = 2L for rj2- = A^^u, Z), 

(2) Q{ui) can he choosen as L), +00), where v{Z,L) > and ^{Z^L) > 

2 

For Z = we have z/(0, L) = 

(3) for Z = we have a^u, 0) = and so from Theorem \5.B we have A^^u, 0) = Aq^co). 
Therefore, lim^_j.o- r]2-{co) = ri{ijj), 

(4) the dnoidal-peak solution in (15.451) . Cw,^(0 = C(^;^i,-); determined by r^i,- = 
{2u — ^2-Y^'^ satisfies the properties in 01.15p . Moreover, the mapping 

Z^C.,zeHlU[-L,L]) (5.75) 

is real- analytic, 

2 

(5) from the condition u > ^ we obtain 

lim C,^(0 = 0..o(O, for^ e [-L,L]. (5.76) 

Corollary 5.4. For Z < fixed, the mapping u — )■ ri2-{uj) = A2(a;,Z) is a strictly 
decreasing function. Moreover, for k and a defined in (I5.53p and (I5.55p respectively, one 
has that ■£;k{uj) > and -^a{uj) < 

Proof. For T+ defined in (15.731) . it follows that d^Tj^ < and (9a,T+ < 0. Then for A3 
satisfying T+(A3(ci;, Z), cj) = 2L and 0(0;) = a{Az{uj , Z) , uj , Z) we obtain that A'^{u)) < 
and a'{u) < 0. □ 

Corollary 5.5. For Z ^0 fixed, consider the mapping a : {i^iZ, L), +00) — )• M determined 
by Theorem \5.5l Then a{uj) — t- as a; — t- +00. 

6. Stability of Dnoidal-Peak for NLS-5 
In this section we study the stability of the orbit 

^^.,z = {eV,z:^e[0,27r)}, (6.1) 
generated by the smooth curve of dnoidal-peak u — )■ ipcu,z, where 

r (f)^,z, Z>0, 
^-^ = lC,z, Z<0 (6.2) 

with (f)^^z and are given by Theorems 15. 3[ 15.41 and 15. 5[ Moreover, 

lim<^,,z(O=0-,o(O, ioT^e[-L,L], (6.3) 

Z— >0 
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where 0aj,o being the dnoidal-wave solution to the cubic Schrodinger equation determined 
by Theorem 15.21 

We start obtaining the spectral information associated to the operators in f ll.25p and 
fll.26p necessary to establish our stability theorem. 



6.1. The basic linear operators Li z and -£2,^- For u G Hp^^{[0,l]) we write u = 
Ui + iu2. Let Hi^ z be defined by 

H^^zu = + i^2,zU2 (6.4) 

where the linear operators £i,z, ^ = 1,2, are defined as: 

V = DiL.^z) = {Ce HlJl-L, L]) n H\{-L, L) - {0}) n H\{2nL, 2{n + 1)L)) : 

C'(o+)-c'(o-) = -zc(o)}, 

(6.5) 

and for C G D 

'I (6.6) 
^2,zC = -^C + c^C-^zC- 
We claim that £j,z are self-adjoint operators on Lpgj.([— L, L]) with domain D. Since 
the multiplication operator MC = (u; — 3^9^ z)C is obviously symmetric and bounded on 
L2^,([-L,L]) and D{-A_z) C D{M) = Ll'^^{[-L, L]), it follows from the Stability Self- 
Adjoint Theorem (see Kato [32J) that £i,z = -^C + 

is a self-adjoint operator on 
Lpg^([— L,L]) with domain D{Li^z) = D{—A^z) = 2). A similar result holds for £2,2- 

We note that the linear operators Li^z and £2,^ are related with the the second vari- 
ation of Gi^^z = E + ojQ at v^^^z- More exactly, \et u = + iip with C,?/; G 2) and 
V = vi + iv2 e ifpg^ then 

(<^i!,,z(V5c^,^)«> ^) = (^a;,ZM, = (^l,zC + ^^2,zV', = (^l,zC, ^l) + (^2,zV', ^2)- (6.7) 

Next we give a idea of the proof of the equality in (16. 7p . For C, and Vi we define 

Q{C,,Vi) = uj j Cvidx-3 j Lfl^zCvidx. 
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Thus, 

(£iX,^i) = -lim/^ (^C)Mx-lim^ (^C)Mx + Q(C, t^i) 



lim[C'(eK(6)-C'(-eK(-e)]+ / Cv[dx + QiC,v^) 



(6.8) 



[C'(0+) - C{0-)MO) + jC v[dx + Q(C, V,) 
-ZC(0)i;i(0) + / C v[dx + Q{C,vi). 



Similarly, we obtain 

{L2^z'^,V2) = -Zip{0)v2i0) + / i''v2dx + uj / ipV2dx - / (^lz'4'V2dx. 



A simple calculation shows that 

{G^,zi^.,z){C, i^), iv^, V2)) = (£i,zC, ^^i) + {^2,zi^, V2). 

6.2. Some spectral structure of Li,z and j^2,z- This subsection is concerned with 
some specific spectral structure of the linear operators /Cj ^- By convenience we will 
denote Li z only by 

Lemma 6.1. Let Z and u > Z'^/i. Then, 

(1) L2 is a nonnegative operator with a discrete spectrum, (t{£j2) = {An : n ^ 0}, 
ordered in the increasing form 

= Ao < Ai ^ A2 ^ A3 ^ A4 ■ ■ ■ . (6.9) 

The eigenvalue zero is simple with eigenfunction (fuj,z- 

(2) Li is a operator with a discrete spectrum, a{Li) = {an '■ n ^ 0}, ordered in the 
increasing form 

ao < «i = «2 = «3 = «4 • • • • (6.10) 

Proof. From Section 3, Theorem 13.51 it follows that the operators have a compact 
resolvent and so its spectrum is discrete satisfying (16.91) and (16.101) . Since ip^^z G D 
and satisfies equation (11.141) we obtain that £j2'Pu],z = for all Z. Moreover, (puj,z being 
positive it corresponds to the first eigenvalue of L2 which is simple. □ 

Next we have the following kernel-structure of /Ci. 
Lemma 6.2. Let Z G M — {0} and u > Z'^/A. Then Li has a trivial kernel. 
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Proof. Let f G 2) such that Liv = and Z > 0. Therefore ipu},z = <Pu),z- We claim that 
the subspace v of Lpg^([0, 2L])-solutions of the problem 



j:-^v{x) = for X e (0,2L), 



(6.11) 



is one dimensional. From item (3) in f ll.lSp it follows that that Ai(x) = (p'^^ zi^) ^o'^ 
X E (0, 2L) satisfies problem (16. lip . We consider the transformation 

^/2 

A{x)=v{f3x), for (3 = —, X E {0,2{K -a)) 

with a defined in (I5.55p . Then from Theorems 15.31 and 15.41 we have /3x E (0, 2L) and so 
(16. lip implies that 

A"{x) + [a- ePsn^ix + a; k)]A{x) =0 for x e (0, 2{K - a)), (6.12) 

where a = {Qr]f_^_ — 2uj)/rif_^ = 4 + /c^. Now, for T(x) = A{x — a) with x E (a, 2K — a) we 
have that T satisfies the following Lame's equation 

<l>"(x) + [(T- 6khn'^{x; A;)]$(x) = 0, for x E (a, 2K -a). (6.13) 

Next, from Angulo [5] (see Lemma 16.61 below) the periodic eigenvalue problem in 

^"{x) + [\~6k'^sn^{x;k)]^{x) = 0, x E iO,2K) 
$(0) = ^{2K{k)), $'(0) = ^'{2K{k)), k E (0, 1) 

has the first three eigenvalues Ao,Ai,A2 simple and the rest of the eigenvalues are dis- 
tributed in the form A3 ^ A4 < A5 ^ Ae < ■ ■ ■ and satisfying A3 = A4, A5 = Ae, i.e., 
they are double eigenvalues and so for these values of A all solutions of (I6.14p have pe- 
riod 2K{k). In particular, Ai = 4 + fc^ and $i(x) = sn{x] k)cn{x; k) = Co-^dn{x; k), for 
X E [0, 2K{k)], k E (0, 1). Now, from Floquet theory (see pg. 7 in |20]) the other solution 
for (I6.13P with p = Ai is of the form \E'(x) = a;$i(x) +^2(2;), where is even and P2{x) 
has period 2K{k). We recall that {$1,^} is a linearly independent (LI) set of solutions 
for fl6.13p on M and so it is a base of solutions for (I6.13P on any interval (c, d). Then the 
following functions on (0, 2L), for rji = r^i +, 

^i(^) = T-0a;,z(a;), and 

(6.15) 



A2(a;) = (^-^x + a^Ai{x) + p2(^-^x + a 



~V2 ^ ^ "^Vy2 
are a LI set of solutions for (16. lip on (0, 2L). Therefore, there are a, /3 eM. such that 

v{x) = aAi{x) + f3A2{x), xG(0,2L). (6.16) 
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Suppose /3 7^ 0. Then, since v and Ai are periodic of period 2L, we have that A2 is 
a periodic function with period 2L, which is not possible. Therefore v{x) = aAi{x) 
on (0,2L). By estabhshing a similar problem to (16.111) on (— 2L,0), we can show that 
for X G (— 2L,0), v{x) = aAi(— x),which proves the claim. Moreover, v is even and so 
v'{0+) = -v'{0-). Then, 

^'(0+) = ~viO). (6.17) 

Next we will prove that Ai does not satisfy condition (I6.17p . Indeed, we know that 
0L,z(O+) = -f 0^,z(O) and from (^JB) 

€,z(0+) = 0",z(O) = lim 0:,^(x) = a;0^,^(O) - 0^ (0). 

x— >0+ 

Suppose now that 0" ^(0+) = — f 0^ Then it follows that 

^0.,z(O)=u;0.,z(O)- 0^,^(0), 

which together with (15. 6p and (15. 8p implies that for 772 = 772,+, 2uj — ^ = 2r]ir]2. Hence, 
we can conclude from 2u = rjf + t]2, that 

^ = 2uj- 2r/ir/2 = (^1 - 

which is a contradiction with the inequality in (15. 9p . Therefore a = and so for Z > one 
has that Ker{Ci) = {0}. The case Z < follows similarly. This finishes the proof. □ 

The next result will be used more later, but it is also interesting by itself. 

Lemma 6.3. Let Z G M — {0} and u > Z'^/A. If X is an simple eigenvalue for £1 then 
the eigenfunction associated is either even or odd. 

Proof, let V G D{Li) — {0} such that Liv = Xv. Then, since (pu},z is even, we also 
have for ({x) = v{—x) the relation /CiC(x) = X({x). Then there exists /3 G M such that 
v{x) = Pv{—x) for X G M. If f (0) 7^ then (3 = 1 and thus v is even. If v{0) = from 
(16.51) we have that v G H^^^ (see Remark after Theorem 13. 4p and so v'{x) exists for x G M. 
Then we get that f'(0) = —f3v'{0) and from the Cauchy uniqueness principle f'(0) 7^ 
(in other way, v = 0). Therefore f3 = —1 and so f is a odd function. □ 

Remark: For the case Z > 0, the even function 

l + k'"^ 1 
Ti(x) = 2xsnix)cnix) — — Eix)snix)cnix) + —dnix){{sn'^{x) — k''^cn^(x)) 

with E{x) = dn'^{z)dz, satisfies equation (16.130 for all x G M (see Figure 8 below). We 
note that it profile has the property that for x G (a, 2K — a), Ti it is not symmetric with 
respect to x = K. It property can be used for an alternative proof of Theorem 16.21 
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Figure 8. Profile of Ti on [0,6K{k)] with k = 0.5. 

6.3. Counting the negative eigenvalues for Li^z- In this subsection we use the theory 
of perturbation for linear operators to determinate the number of negative eigenvalues of 
Ci^z for Z ^ 0. Since the domain D of these operators is changing with Z we will use the 
theory of analytic perturbation for linear operators (see j32j and [38]) and some arguments 
found in [33]. Our study will be divided into four steps: 

(I) From our analysis in Section 5 it follows that by fixing u > ^ one has that 

hmip^^z = (t)uj,o in i^per([--^5-^]) (6-18) 

where 0^,0 represents the dnoidal periodic solution in (11. 9p . 
(II) The linear operators in (16. 6 p are the self-adjoint operators on Lp^^{[—L, L]) 
associated with the following bilinear forms defined for v,w E Hp^^{[—L,L]), 

VxWxdx + id vwdx — Zv{Q)w{Q) — / Sif'^^'^wdx 

L L L ' (6.19) 



Qj^^^(f,w)= / VxWxdx + Lu / vwdx — Zv{0)w{0) — / Lp^z'^wdx. 

J-L J-L J-L 

Since these forms have the same domain -D(Q^^^) = Hp^j.{[—L, L]) and they are 
symmetric, bounded from below and closed, from the theory of representation of 
forms by operators (The First Representation Theorem in [32], VI. Section 2.1), 

one has that there are two self-adjoint operators Li : D{Li) C Lp^^([—L, L]) — )■ 
Ll^,{[-L,L]) and : D(Z^) C Ll^,{[-L,L]) ^ Ll^,{[-L,L]) such that 

D{Li) = {ve : 3w G L^, s.t. e H^,, Q^^zi^, z) = {w, z)}, 

^ (6.2Uj 
= {vE Hl^, : ^w G Lj,, s.t. \/z G HI^,, Q2_^(t;, z) = {w, z)}, 

and for v G D{Li) (resp. v G D{L2)) we define Liv = w (resp. = w), where 
w is the (unique) function of Lpg^([— L, L]) which satisfies Qi^^(f , z) = {w, z) (resp. 
z) = {w, z)) for all z G H^^,. 
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Next, we describe explicitly the self-adjoint operators Li and £2- 

Lemma 6.4. The domain for both £1 and L2 in Lp^^{[—L, L]) is 

Dz = {Ce Hl,{[-L, L]) n H\{-L, L) - {0}) n H\{2nL, 2(n + 1)L)) : 

C'(0+)-C'(0-) = -ZC(0)}, 
and for v G Dz one has that 



(6.21) 



^'iv = --^v + UJV -3iplzV, L2V = --^v + UJV - iflz^. (6.22) 

Proof. Since the proof of L2 is similar to the one of Li, we only deal with £1. 
We decompose the form Q^^ as Q^z = Q-z + ^i with : H^^^{[-L,L]) x 
Hl^^{[-L,L]) R and : LI^^{[-L', L]) x Ll^^{[-L,L]) R defined by 

Qziv,z)= / VxZ^dx - Zv{0)z{0), 

I vzdx — / Sip'^^z'^zdx. 

J-L J-L 

We denote by 7i (resp. ^2) the self-adjoint operator on Lpg^([— L,L]) (see Kato 
[32], VI. Section 2.1) associated with Q\ (^esp. Q^). thus, D{72) = Ll^^{\-L,L\) 

and -D(Ti) = D{Li). We claim that Ti is a self-adjoint extension of the operator 
defined in Lemma [3l2l Let v G H'^^^{\—L, L\) such that f(0) = 0, and define w = 
-Vxx e Ll^^{[-L, L]). Then for every z G H^^^{[-L, L]) we have Q^(f , z) = {w, z). 

Thus, V G -D('J'i) and Tit> = w = —-^v. Hence, C Ti. So, using Theorem 13.11 
there exists /3 G M such that D{7i) = D(— A/3) which yields the claim. Next we 
shall show that /3 = —Z. Take v G D{7i) with v{0) 7^ 0. Following the ideas in 
(16.81) we obtain 

(Tit;,t;) = [w'(0+) - w'(0-)]t;(0) + [ \v^\^dx = [ \v^\^dx + f3[v{0)]^, 

J-L J-L 

which should be equal to Q^(f,f) = J^^ {v^l'^dx — Z[t>(0)]^. Therefore (3 = —Z, 
and the lemma is proved. □ 

(III) By Lemma [6.41 we can drop the tilde over £1 and £2 and work with the operators 
Li^z and £2,2- The following Lemma verifies the analyticity of the families of 
operators £j,z- 

Lemma 6.5. As a function of Z , (£i,z) o-nd (£2,^) o-re two real- analytic families 
of self-adjoint operators of type (B) in the sense of Kato. 
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Proof. From Lemma 16.41 Theorem VII-4.2 in [32j, it suffices to prove that the 
famihes of bihnear forms (Q^^) and (Q^^) defined in fl6.19l) are real-analytic 
family of type (b). Indeed, since the form domains of these families are the same, 
namely H^^^., for every Z G M, it is enough to prove that they are bounded from 
below and closed, and that for any v G H}^^^ the function Z — )■ 



.V,VI IS 



analytic. It is immediate that they are bounded from below and closed. From the 
decomposition of ^ into and Q^, we see that Z — )■ (Q^t>,t>) is real-analytic. 
From Theorems 15.41 and 15.51 we also have that Z {QljV,v) is real-analytic. The 
proof of the analyticity of the family (Q^ ^) is similar to the one of (Q^J^ ^). □ 

Remarks: 

(a) The explicit resolvent formula for —A_z in fl3.33p can be used to give another 
proof of the fact that the families {^i^z) are real-analytic in the sense of Kato. 

(b) We note from Theorems 15 . 41 and 15 . 51 that for u > 7r^/2L^ and v,w E Hp^^{[0, L]), 

V^W^+UJ / VW- ^^I^qVW 
T It It 

-L J-L J-L ^g24) 



Here Q^^^ q is the bilinear form associated to the linear operator JZq defined in 

The following result of Angulo in [5] gives a precise description of the spectrum 
of the self-adjoint operator 

^oC = -:^C + wC-3<oC, (6.25) 



on Lpg^([0,2L]) and with domain ifpg^([0, 2L]). Here uj > ^ and (/)^_o is the 
dnoidal traveling wave in (II. 9p which we want to perturb. 

Lemma 6.6. The operator Lq has exactly one negative simple isolated first eigen- 
value tq. The second eigenvalue is zero, and it is simple with associated eigenfunc- 
tion -^(puifi- The rest of the spectrum is positive and discrete. 

Remark: The Lemma 16.61 can also be shown by using the method developed 
by Angulo&Natali in [8]. 



Lemma 6.7. There exist Zq > and two analytic functions H : {—Zq,Zq) — t- 

-2 

-'per 



and Q : (—Zq,Zo) — ?■ //L^ such that 



(i) H(0) = and fi(0) = £0,,o. 

(ii) For all Z G {—Zq,Zq), H(Z) is the simple isolated second eigenvalue of Li z 
and Q{Z) is an associated eigenvector for Il{Z) . 
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(iii) Zq can he chosen small enough such that, except the two first eigenvalues, the 
spectrum of Li^z is positive. 

Proof. From Lemma 16.61 we separate the spectrum cr(£o) of the operator in 
(I6.25P into two parts cxo = {tq, 0} and di by a closed curve T (for example a 
circle) such that ctq belongs to the inner domain of F and (Xi to the outer domain 
of F (note that cxi C (a, +00) for a > 0). From Lemma [631 follows that Li z 
converges to £0 as Z — > in the generalized sense, and so from Theorem IV-3.16 
in P2] we have that F C p{Li z) for sufficiently small \Z\ and ij{Li^z) is likewise 
separated by F into two parts so that the part of a^Li z) inside F consists of a 
finite system of eigenvalues with total multiplicity (algebraic) two (we recall that 
zero is not eigenvalue of £i,z)- Next, for e small enough we consider the contours 
ri(''o) = G C : 1^ — tqI < e} and F2(0) = {z & £- : \z\ < e] such that 
ri(To) n F2(0) = and the only points of cr(/Co) in the inner domain of Fj are tq 
and 0. Therefore from the nondegeneracy of tq and we obtain from the Kato- 
Rellich Theorem (see Teorem XII. 8 in [38]) the existence of two analytic functions 
n, VL defined in a neighborhood of zero such that we obtain the items (i), (ii) and 
(iii). This completes the proof of the Lemma. □ 

Next we shall study how the perturbed second eigenvalue n(Z) changes depend- 
ing on the sign of Z. For Z small we have the following picture. 

Lemma 6.8. There exists < Zi < Zq such that n(Z) < for any Z G {—Zi, 0) 
and n(Z) > for any Z G (0, Zi). Therefore, for Z negative and small Li z has 
exactly two negative eigenvalues and for Z positive and small Li^z has exactly one 
negative eigenvalue. 

Proof. From Taylor's theorem we can write the functions 11 and Q of Lemma 16.71 
around zero as 

U{Z)=PZ + 0{Z^), 

niz) = <pl^, + z^o + o{z 

where 0L,o = £0^,0, /3 G M (/3 = n'(0)) and V^o e L^^, (V^o = ^^'(0))- The desired 
result will follow if we show that /3 > 0. From Theorems 15. 3 [ 15.41 and 15.51 there 
exists Xo ^ -f^per ^'^ch that for Z close to zero 

^^,z = (l>u.,o + Zxo + 0{Z^). (6.27) 

Now, from f ll.l4p one has that for all tp ^ -f^per 

{-^:^z + ^V.,z - ^) = Z^^,z{0)m- (6.28) 
So, inserting (I6.27P into fl6.28p and differentiating with respect to Z, we obtain 
(£0X0, ^) = 0<.,o(O)V^(O) + 0{Z). (6.29) 



(6.26) 
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We develop /3 with respect to Z. We compute 0^ q) in two different 

ways. 

(a) Since Li^z^{Z) = U{Z)n(Z) it follows from flOej) that 

{L^,zniZ), 0L,o) = /3^ll0L,oir + OiZ'). (6.30) 

(b) Since Li^z is self-adjoint and (t)'^Q E Di^Li^z) (in view of q G i/^g^ for all n 
and (pujfi is even), we obtain (£i_^fi(Z), q) = (i7(Z), /Ci^^0^ q). Thus, from 



^i.z0L,o = ^o(0L,o) + 3(0^,0 - ^l,z)<l>L,o = 3(0^.0 - ^l,zW.,o 

72\ 



(6.31) 



= -6Z0^,o0L,oXo + O(Z^). 
Hence, from fl6.26p and fl6.3ip it follows that 

{L,^z^{Z), 0L,o) = -6^(0L,o, Xo0a.,o0L,o) + 0(^'). (6.32) 
It is easy to see that 

J^o{uj(l)^fl - 0^_o) = 60t.,o(0L,o)^ (6-33) 
which combined with fl6.32p gives us the last equality 

{L,,z^{Z), 0L,o) = -^(^0X0, u;0.,o - 4>U) + 0{Z^) 
= -Z[u;<o(O)-0^,o(O)] + O(Z^). 
Finally, a combination of fl6.30p and fl6.34p leads to 

/3 = II + 0[Z). (6.35) 

Now, from Theorem 15.21 we have 0w,o(O) G (0, a/cJ) and so /3 > for Z small the 
same holds. Hence, the first equality in fl6.26p completes the proof. □ 

Remark: The proof of Lemma 16.81 also shows the eigenvalue-mapping Z — )■ 
H(Z) is a strictly increasing function in a neighborhood of zero. 

(IV) Now we are in position for counting the number of negative eigenvalues of Li^z for 
all Z. using a classical continuation argument based on the Riesz-projection. We 
denote the number of negatives eigenvalues of Li z by n{Li z)- 

Lemma 6.9. Let to such that uj > ^ and cu > Then 

(a) forZ>0, n(£i,z) = l, 

(b) for Z < 0, n{Li^z) = 2. 

Proof. Let Z < and define Z^o by 
Zoo = infj^; < : Li^z has exactly two negative eigenvalues for all Z G {z,0)}. 
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From Lemma 16.81 one has that Li^z has exactly two negative eigenvalues for all 
Z G (Zi,0), so Zoo is well defined and Z^c G [— oo,0). We claim that Z^c = — oo. 
Suppose that Z^o > — oo. Let N{Li^Zoa) T a closed curve (for example a 
circle or a rectangle) such that G F C pi'^i^Zaa) such that all the negatives 
eigenvalues of -^i.Zoo belong to the inner domain of F. From Lemma [6.51 it follows 
that Li^z — ^ ■^i.Zoo as Z — !■ Z^o in the generalized sense, and so there is a 5 > such 
that for Z G [Zoq — S, Z^o+S] we have F C p{Li^z) and p{£ji,z) is likewise separated 
by F into two parts so that the part of cr{£ji,z) inside F consists of a system of 
eigenvalues with total multiplicity (algebraic) equal to N. This conclusion follows 
from the existence of an analytic family of Riesz-projections, Z — )■ P{Z), given by 

which implies that 

dim(Rank P(Z)) = dim(Rank PiZ^)) = N, y Z e[Z^-S,Z^ + S]. (6.36) 

We observe that we can choose F independently of the parameter Z (see Remark 
below). Now by definition of Z^o, there exists zq such that Z^o < Zq < Z^o + 5 and 
L\^z has exactly two negative eigenvalues for all Z G (^^o^O). Therefore l^\^z^+& 
has two negative eigenvalues and from (16.361) it follows that N = 2 and so Li^z has 
two negative eigenvalues for Z G {Z^o — 5,0) contradicting the definition of Z^o- 
Therefore, we have established the claimZoo = —oo. A similar analysis is applied 
to the case Z > 0. This finishes the proof of the lemma. □ 

Remark: We can choose F independently of the parameter Z < in the 
beginning of the proof of Lemma 16.91 in the following manner : since for all Z, 
^.,z ^ Vi,+ ^ V^, for 11/11 = 1 and / G D 

Therefore, inf a{Li^z) = —6a; for all Z < 0. So, F can be chosen as the rectangle 
F = dR for R being 

R = {z E C : z = Zi + iz2, {zi, Z2) G [—6uj — 1,0] x [—a, a], for some a > 0}. 

Lemma 6.10. The function Q{Z) defined in Lemma \6. 7| and associated to the 
second negative eigenvalue of Liz can be extended to (—00, 00). Moreover, Q{Z) G 
Hp^j, is an odd function for Z G {—00, 00). 

Proof. From Lemma 16751 and Theorem XIL? in [3H] the set Fq = {{Z, A)|Z G M, A G 
p{Li^z)} is open and 

(Z,A)gFo-^(£i,z-A)-i 



50 



J. ANGULO AND G. PONCE 



is a holomorphic function in both variables. So, we can repeat the argument 
of Lemma 16.71 at each point Z and on each neighborhood of Z to see that the 
functions ^(Z) and n(Z) are holomorphic for every Z G M. Next we consider 
Z < (the case Z > is similar) . We know from Lemma 16.31 and Lemma 16.71 that 
the eigenvectors fi(Z) are even or odd and f2(0) = ^0a;,o is odd. Then, from the 
equality 

limMZ),fi(0)) = ||fi(0)||VO, 

one has that (^(Z), f^(0)) 7^ for Z close to 0. Thus fi(Z) is odd. Let 2:00 be 

^00 = {2; < : ^[Z) is odd for any Z G [z, 0]}. 

Suposse now that Zqo > — 00. If f2(-2oo) is odd, then by continuity there exists 
(5 > such that fi(-2oo ~ ^) is odd which is a contradiction. Thus Lemma 16.31 
implies that fi(-2oo) is even. Now, since ^^(-Zoo) is the limit of odd functions we 
obtain that fi(-2oo) is odd. Therefore ^{^z^ = 0, which is a contradiction because 
fl{zoo) is an eigenvector. This concludes the proof of the Lemma. □ 



6.4. Convexity condition. Here, we shall prove the increasing property of the 
mapping u — )• ||v5a;,z|P, for all Z, which suffices for our stability/instability results 
for the orbit defined in fll.l6p . For technical reasons we can only show this property 
for oj large. But we believe that this property should be true for every u admissible. 

Theorem 6.1. Let Z G M — {0}, u > Z'^/A andu large. Then for the dnoidal-peak 
smooth curve u — > {puj,z given in (16. 2 p we have 

d ,, 1,9 
doo 

Proof. For Z > we have ^p^j^z = 4'uj,z- Then via a change of variable and from 
Theorem 15.41 we have for a = a{uj), rji = ?7i,+, k = k{u) and K — a = the 
equality 



'>uj,z\\^ = Vi 



J^^dn' (^^\^\ + a; ky^ = ^\n\y-k)dy ^^^^^ 

= 2V2rii[E{k) - E{a)] = 2V2r)i[E{k) - E(<^„ A;)]. 

Here E{ipa, k) is the normal elliptic integral of the second kind defined for sin = 
sn{a) by 

rfa ra 

E{^a,k)= / VI - k^sin^e d9 = / dn'^{u; k) du = E{a), (6.38) 
Jo Jo 
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and E{k) = E{7!-/2, k). Next, we consider the identity 

= 2V2^[E{k) - Ei^a, k)] 



(6.39) 



We shall calculate the differentiation terms in f l6.39p . 

(a) From (I6.38P one has that -^{(pa, k) = a/1 — k'^sii?{a) = dn{c 

(b) From ([13]) we obtain 



dE. E{ifa,k)-F{^,,k) E{a)- 
afc ^) = k = 



where F{ipa, k) is the normal elliptic integral of the first kind such that for 
simpa = sn{a) it follows that F{{pa, k) = a. 
(c) Next, since sn(M-l-i^) = = cd{u) one has that (y9a(ci;) = sin~^[c(i(?7iL/y2)]. 
So, 

^V.-~-i{^L;k). (6.40) 



^ " k'sn du V ^/2 
Now, from using [13j again one finds that 

fc'^L drji sn 



dk 



V2 



+ ^E[ 



a/2 du dri^ kd-n? L vy^ 



(^L\-k-^L\^ 



v/2 J du' 



So, from ( 16.40p and from the equality dn{u + K) = k' / {d 



d 

dco 



iPa = dna 



L drji ^ 1 



a/2 doj kk'"^ L V ^2 



E[%L 



k-^L 
V2 ■ 



nu] 



dki 
du 



(6.41) 



(d) Combining the identities 



^ _ -^(^) ~ k''^K{k) L drji _ d ^^^^^^ dk 

dk kk'"^ ' a/2 doj dk du 



and 



e{q^L^ - E{k) + k''^a = J [k'^ - dn^{u)]du = -k^ J cn\u)du 



it follows that 
d 



k 



^^<fa = dn{a)^a'{u) - 



K 



K-a 



dkl 

cn^{u)du— = dn{a)A{uj). 
du J 



(6.42) 



We observe that A(u) < and so -rr'/'a < 0. 
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Then, gathering the information fl6.39p and from (l)-(4) above we obtain that 



^ lU l|2 4 



K'{k)[E{k) - E{a)] + E'{k)[K{k) - a] 



1 dk 
du 



- ya'{uj)[E{k) - E{a)] + ylKik) - a f -^(^) ^ _ 2V2r]idn\a)A{u). 
Now, since 

a-E{a)= [l-dn^{u)]du = k'^ j sn'^{u)du>0, E{k) - E{a) > 0, 
Jo Jo 



(6.43) 



a'{u) < 0, A(uj) < and ^ > we obtain that the expression on the second hne 
in fl6.43p is positive. Therefore from (16.431) one concludes that 



L d 
Aduj^ 



d 



d 



d 



,zr > —[K{k)E{k)] - E{a)—K{k) - a—E{k) 



du 
d 



du 



d 



>—[K{k)E{k)]-a—[K{k) + E{k)] 
> ^[K{k)E{k) -\{K{k) + E{k))] 



(6.44) 



where u is chosen large enough such that a{u) ^ |. We note that here we have 
used that the mapping k — )■ K{k) + E{k) is increasing and so -^[K{k) + E{k)\ = 
A[K{k) + E{k)]^>0. Since 



d 

dk 



1 



Kik)Eik)--iKik) + Eik)) 



> 0, 



it follows from (I6.44p that ^||0a;,z|P > for w large. 

Next, we consider the case Z < 0. For (p^^z = Cw,z and /3 = V2/r]i one has that 



dn 



L ^V2 

K 

2 



4 



dn^{y)dy 



dn\y)dy = G{l3), 



a 



using that K + a = ^L. So, 
d 



du 



lie 



uj,Z\ 



where 

G'{f3) = 4/3-2 



K 



d£_ 
du 



d 



7]l du 



K 



(6.45) 



dn\y)dy + P—l dn\y)dy =AI3-'H{I3). 



(6.46) 



(6.47) 
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The idea now is to show that H{I3) < 0. Indeed, from Section 5 we have u — )■ ri2{uj) 
is a positive decreasing function, then for u — )■ +oo follows ?7|/2a; — )■ 0. So, 
Theorem 15.51 implies that A;^ — )■ 1 and rjf/2uj — )■ 1 for w — i- +00. Thus, /3 — )■ as 
cu — !■ +00. Hence, a(/3) = a{r]i^{\/2/f3)) — > as /3 — )■ (see Corollaries 15.31 and 
15. 5p . Since dn{x; 1) = sech{x) and K{1) = +00 we obtain 

POO 

H{0) = - sech'^{y)dy < 0. (6.48) 
Jo 

Therefore H{I3) < for /3 close to zero. This completes the proof of th Theorem. 

□ 

6.5. Stability results. From the last subsections our stability results associated 
to the orbit in (16. ip generated by the dnoidal-peak solution profile ipuj,z in (16. 2 p 
can be now established. As it was pointed the abstract theory of Grillakis, Shatah 
and Strauss |27] shall be use, and so we briefly discuss the criterion for obtaining 
stability or instability in our case. Consider the linear operator H^^^z defined in 
(16. 4p and denote by n^H^^^z) the number of negative eigenvalues of H^^^z- Define 

[1, if <9^||^c.,zf > 0, atuj = ujQ, 
Pz{i^o) = < „ „ II ||2 ^ n , (6-49) 

Then, having established the Assumption 1, Assumption 2 and Assumption 3 
of [27], namely, the existence of global solutions (Proposition 14. ip . the existence 
of a smooth curve of standing- wave, u — )■ ^Pui,z (Theorem 15.41 - Theorem 15.51) . 
and Ker{JZi z) = {0}, Ker[L2^z) = VPu},z\i the next Theorem follows from the 
Instability Theorem and Stability Theorem in |27] . 

Theorem 6.2. Let ujq > and luq > 

(a) Ifn{Hi^^^ z) = Vziy>o), then the dnoidal-peak standing wave e*'^''Vwo z is stable 
tnHlJ[-L,L]). ' 

(b) If n{H^^^^z) —Vzi^o) is odd, then the dnoidal-peak standing wave e*'^°VtJo,^ 
unstable in H^^^{\—L, L\) . 

Now we can prove our main result Theorem 11.11 

Proof. From Theorem 16. II follows that pz{'^) = 1 for all Z G M — {0} and u large. 
Next, from Lemma WA\ we have that £2,2 has zero as a simple eigenvalue and from 
Lemma 16.21 we have Li z has a trivial kernel. Thus, from Theorem 16. 2^ Lemma 
16.91 we obtain the item (1) and item (2). 

Lemma [6.101 assures that the second eigenvalue of Li^z considered in the whole 
space Lpg^([— L,L]) is associated with an odd eigenf unction, and thus dissapears 
when the problem is restricted to subspace of even periodic functions. Moreover, 
since ^p^i^z is an even function and trivially satisfies that (^Ci.zV^^.z, V^w,z) < 0, for 
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Z < 0, we obtain that the first negative eigenvalue of £ji^z is still present when the 
problem is restricted to the subspace of even periodic function of L, L]), 

namely, H^^^^^^^^{[-L, L]). So we obtain in this case that n{H^^z\H^^,^,,,„{[-L,L])) = 
1. Therefore item (3) of the Theorem follows from item (1) of Theorem 16.21 and 
Proposition 14.11 This finishes the proof of the Theorem. □ 

7. Appendix 

We shall establish some properties of the function ip defined in (15. lip and which has 
been used in subsection 5.2. Many of these properties are immediate and so we omit the 
proof, (a) If ip{0) < I then ip^r) < | for all r. (b) r/i > (f){^) implies that ^ for all 
C,. So, without loss of generality, we suppose ^ > ip{^) > 0. (c) Since is 1-periodic then 
ip is also 1-periodic. (d) Zeros of ip': from f l5.12p and (a)-(b) follows that = if and 
only if = 0. (e) = if and only if 0(^) = 772. (f) There is a unique s G (0, 1) 
such that 0(s) = ri2. Indeed, consider s < sq s.t. 0(so) = 772- Then there is a r G [s,so] 
where 0(r) is a maximum. So 0(r) ^ 4>{x) ^ 772 for every x G [s,so]. Since 0'(r) = 
then 0(r) = 772. Therefore, (plx) = rj2 for every x G [s, Sq]. Then from (]1.15p -(3) it follows 
u = and so it follows from (15. Sp the equality rji =772, which is a contradiction, (g) 
= if and only if ^ = s, where s is the unique point in (0, 1) s.t. 0(s) = 772. (h) Let 
s be such that = 7/2 (so s is a minimum for 0) then 

sin2^(,) = !i:^. (7.1) 

VI 

Hence from (15.160 and (17. ip s is a maximum of ip. Indeed, for every C, G (0, 1) — {s}, 
siia^ ip{^) < ^ = siv?ip{s). Then, since < '?/'(^) < | we obtain that ipi^i) < ip{s). (i) If cj) 
is even then ip is also even, (j) For Z > it follows from (15. 5p the inequality (p'{0+) < 
(so by evenness we have a peak in zero for (p in the form "A"). Now, (I5.16P implies 
|^'(0+)| = \ip'{0-) \ and so from ( KIM ip'{0+) = -ip'{0-). Therefore, fl533D implies that 
< Z02(O) = r/iV(0+)sin2V'(0), and so ^'(0+) > 0. Then for ^ G (0,s), ^'(0 > 0. By 
evenness we have a peak in zero for tp in the form "V" 
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